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Abstract
A useful and unifying concept in quantum information theory is the idea of a
consumable “resource”. The basic idea behind quantum resource theories is that
whenever we face restrictions on the set of operations we can perform, some states
(resource states) enable us to perform particular tasks that otherwise would have
been impossible. In this thesis we first review a resource theory that recently
has gained a lot of attention, namely the resource theory of asymmetry in which
one is restricted to symmetric operations and therefore asymmetric states are the
resource states. The asymmetry properties of a state relative to some symmetry
group specify how and to what extent the given symmetry is broken by the state.
In the remainder of the thesis we explain how the ideas developed in this resource
theory are related to three different areas in quantum theory: theory of quantum
reference frames, the Wigner-Araki-Yanase(WAY) theorem and the conditional
probability interpretation of time in quantum mechanics.
Theory of quantum reference frames treats reference frames like any other physical
system within the formalism of quantum theory, which causes the measurements
to be an approximation of the measurements against their classical counterparts.
We consider the dynamics of a quantum directional reference frame undergoing
repeated interactions. These interactions induce a back-action on the reference
which is the central focus of our study. The effect of a precise sequence of mea-
surement outcomes on the reference frame is studied by looking at both the case
that the measurement record is averaged over and the case wherein it is retained.
We find, in particular, that there is interesting dynamics in the latter situation,
which cannot be revealed by considering the average case. We then consider in
detail how a sequence of rotationally invariant unitary interactions affects the ref-
erence frame, a situation, which leads to quite different dynamics than the case of
repeated measurements. Different strategies for correcting reference frame drift
is considered given that we have access to a set of particles with polarization
opposite to the direction of drift. In particular, we find that, by implementing a
suitably chosen unitary interaction after every two measurements, we can elimi-
nate the rotational drift of the reference frame.
The WAY theorem establishes an important constraint that conservation laws
impose on quantum mechanical measurements. We formulate the WAY theorem
in the broader context of resource theories, where one is constrained to a subset
of quantum mechanical operations described by a symmetry group. Establishing
connections with the theory of quantum state discrimination we obtain opti-
mal unitaries describing the measurement of arbitrary observables, explain how
prior information can permit perfect measurements that circumvent the WAY
constraint, and provide a framework that establishes a natural ordering on mea-
surement apparatuses through a decomposition into asymmetry and charge sub-
systems.
Finally we review two different schemes in the conditional probability interpreta-
tion (CPI) of time in quantum mechanics. In these schemes parameter time “t”
as it appears in Schro¨dinder equation is considered to be unobservable, yet one
can use an extension of conditional probabilities in order to study dynamics of a
system relative to another system, namely the quantum clock. We phrase CPI
as a quantum communication protocol which enables us to use the machinery
developed in the resource theory of asymmetry. This provides us with a deeper
understanding of the decoherence effect caused due to the inaccessibility of the
parameter time “t” and that how this effect can be suppressed by choosing an
optimal initial state for the quantum clock.
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Chapter 1
Introduction
Symmetry arguments in physics can often help us simplify the physical problems
to a very high extent. One very famous example is the so called No¨ether theorem
which states that if Hamiltonian of a system is invariant under certain class of
transformations, then the system possesses integrals of motion and in order to
study these transformations it suffices to study them very close to Identity [3, 4].
Another example is Curie’s principle which states that symmetric causes cannot
have asymmetric effects [5]. Pierre Curie, by studying thermal, electrical and
magnetic properties of crystals realized the importance of symmetry breaking.
According to Curie for a phenomenon to occur in a medium, the symmetry group
of the medium has to be lowered to the symmetry group of the phenomenon,
i.e. asymmetry is what creates a phenomena. In this thesis we investigate how
symmetry arguments help us solve problems in quantum theory. To this end we
first briefly review important concepts of the so called resource theory of asym-
metry. This is the resource theory that examines what can be achieved under the
constraint that all operations commute with all the elements of some group once
one is given finite asymmetric resources, such as a system prepared in a state that
transforms nontrivially under the group. It is analogous to the resource theory of
entanglement which examines what can be achieved under the constraint of local
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operations and classical communications given finite resources of nonlocal corre-
lations. Much is known about this new resource theory, and some of what follows
is simply recasting this into a form which connects it to the theory of quantum
reference frames, the WAY(Wigner-Araki-Yanase)-theorem and the conditional
probability interpretation of time in quantum mechanics. We will discuss many
of our results in terms of two basic systems and their corresponding conservation
laws. The first is the rotational invariance around a particular spatial axis for
instance the zˆ direction. The asymmetry resource in this case can either be a
single spin-J particle or a collection of particles with spin. The latter possibility
opens up the option of using multiplicity spaces. The second is very similar -
conservation of particle number for a single mode bosonic field, such as atoms or
photons, with the symmetry broken by states such as phase states.
We begin Chapter 3 by reviewing some important concepts of the theory of
quantum reference frames. Reference frames are implicit in every physical sce-
nario and usually only play a background role in the analysis of quantum systems.
To measure the time interval of some process requires the possession of a well-
behaved clock, to perform a spin measurement along some axis requires a physical
specification of spatial axes. For instance when we say spin of a spin-1/2 particle
is “up”, we mean relative to another physical system, i.e. a Cartesian reference
frame such as a gyroscope in the lab. That such matters are normally taken for
granted arises from the abundance of such temporal and spatial classical refer-
ence frames, however situations arise where either delicate quantum mechanical
frames cannot be readily manipulated or are not freely available (for example
phase reference frames or directional reference frames). In the absence of a ref-
erence frame certain tasks will become impossible - for example it is impossible
to share a spatial reference frame over a phone conversation, and so this limits
the speakable actions that can be conveyed to another person who does not have
access to your reference frame.
It is common to assume the control fields used to manipulate quantum sys-
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tems are of infinite strength and therefore classical. One example is the Rabi
model for studying the interaction of an electromagnetic field with a two-level
atom. In this semi-classical model, the evolution of the atom interacting with a
classical electromagnetic field can be described as a unitary evolution [6, 7]. It is
possible, however, to relax this assumption, and to treat the electromagnetic field
within the quantum formalism [8, 9] that is, as systems of bounded size/strength,
and to then investigate the limitations that this finiteness does or does not im-
pose. The Jaynes-Cummings model is the fully quantum mechanical version of
the Rabi model which studies the interaction between a quantized field and a two
level atom. From the perspective of quantum computing this could be desirable
because the inevitable miniaturization of quantum information processing devices
- such as ion trap chips - may make using small strength control fields a necessity
(current proposals would require hundreds of watts of laser power for a full scale
quantum computation).
From the perspective of quantum communication the issue of finite-sized refer-
ence frames raises interesting questions regarding the fact that the shared ref-
erences commonly used by separated parties can drift, and realigning them re-
quires further resource expenditure. Finally, there are interesting foundational
reasons for considering finite-sized references [10],[11],[12],[13],[14]. An example
is the work on finite precision measurements, black hole entropy and symmetry
deformations[15],[16]. For instance in [17] the authors argue that if one considers
the decoherence caused due to non-unitarity of quantum mechanics when realis-
tic clocks are taken into account, then all the information is lost before the black
hole can evaporate. Another example, more pertinent to the work to be presented
here, is the work on “quantum clocks” - for instance the Page-Wootters model of
a clock which has developed into the the conditional probability interpretation
of time in quantum gravity [18]. We continue a line of investigation [9],[19] into
a simple model of degradation of a quantum reference frame consisting a large
spin system as it repeatedly interacts with a series of incoming “source” particles.
We choose the optimal initial state of the quantum reference frame to be a spin-
coherent state. In [19] this program of investigation was initiated by considering a
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source of unpolarized spin-1/2 particles, each of which has its component of spin
measured against a reference spin directional frame, by implementing the optimal
measurement [20] for determining the relative direction between the frame and
the system. An example of such a procedure might be the measurement of qubits
in a BB84 key-distribution protocol [21] by a finite strength magnetic field. The
conclusion there was that in such circumstances the reference would be useful for
a time (number of uses) that scales quadratically in the size (i.e. spin) of the
reference. This conclusion was shown to be quite generally true for rotationally
invariant source particles in [22]. In [13] the investigation was simplified and ex-
tended to the case where the source of particles has some net polarization - such
as in a B92 type key distribution [23] for example. An interesting result of [13]
was that in this instance the drift of the reference frame was more important to its
degradation than the “diffusion” caused by the entanglement with the particles,
and now the reference would only be useful for a time linear in its size.
Both [13] and [19] considered the case of measuring the source particles against
the reference frame. The results of [22] also apply, however, to the case where
we use the reference as a mechanism for doing coherent (unitary) interactions
between the reference and an unpolarized stream of source particles. In this the-
sis we consider the case of degradation of a quantum reference frame when it
interacts unitarily with a polarized source of particles. We also consider how well
one might correct for the reference frame drift in a simple model wherein we are
given, in addition to the polarized set of source particles, a smaller number of
particles which are known to have a polarization in a direction opposite to those
of the source. We begin, however, by revisiting the case of using the reference
to implement measurements on a polarized source of particles, exploring in more
detail the dynamics in the case that the measurement results are not averaged
over.
One important question that we are interested in throughout this thesis is that
how classical a quantum reference frame needs to be? For instance this question
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has been addressed for the case of a two-level atom initialized in a state |ψ〉 in a
cavity interacting via the Jaynes-Cummings model [24, 25, 26] with a single-mode
optical field initially in a coherent state |α〉. It has been shown that ideal evolu-
tion of the form |ψ〉|α〉 → |0〉|β(ψ)〉 is only possible when the amplitude of the
coherent state |α〉, i.e. |α| goes to infinity [27, 28, 7, 6, 29]. Such an evolution will
be useful for initializing the two-level atom in a fixed state, i.e. in this example
in the state |0〉, or as a Von-Nuemann type measurement on the two-level system
by measuring the so called pointer observable on the apparatus, in this case the
optical field, to infer the measurement result. It has also been shown that the
time required for this evolution is proportional to the state amplitude of the co-
herent state. In [8] it has been shown that by choosing the parameters involved
in this interaction, namely the interaction time τ and optical field strength |α|,
and iterative usage of the radiation field the range of initialization states can be
expanded. Another motivation for considering these type of questions is that
outrageously high-power lasers are required for a large-scale quantum computer
capable of factorizing numbers which cannot be factorized with classical comput-
ers [30]. In such examples it will be helpful to know how well we can perform
with a laser of finite strength.
Another implication of symmetry arguments in the description of quantum
measurements is the so called WAY-theorem which states that exact repeatable
measurement (in Von-Nuemann sense) of a physical quantity that does not com-
mute with a global conserved quantity is not possible. Wigner in his original
example in 1952 considered measurement of the X-component of the spin of a
system when the total Z-component of angular momentum of the system plus
apparatus is conserved. He showed that even though this type of measurement
cannot be performed in a precise manner, one can still perform the measurement
by adding the possibility of sometimes not getting a conclusive result. In fact he
gave one of the first examples of unambiguous discrimination of quantum states
[31, 32, 33, 34, 35, 36, 37]. Ozawa later formalized this theorem in another form
using his generalized uncertainty principle [38]. He found a lower bound for the
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accuracy of the measurement of an observable which doesn’t commute with a con-
servation law [39]. In Chapter 4 we investigate the connection between quantum
state discrimination protocols [40] and WAY-scenario. Using concepts borrowed
from the resource theory of asymmetry, specifically the covariant form of Stiene-
spring theorem, we show that every discrimination procedure can be turned into
a unitary measurement by adding a symmetric state as an ancillary system and
measuring the ancilla in the computational basis. Therefore on one hand we do
not use any extra resources and on the other hand the observable which we end
up measuring on the ancilla commutes with the conservation law, which means
that we do not face the same limitation on the apparatus level. We will compare
two different discrimination schemes developed in quantum information theory,
namely unambiguous discrimination and maximum likelihood estimation. We
observe that the most asymmetric state, i.e. the optimal state for the unambigu-
ous discrimination protocol, is not the optimal state for the maximum likelihood
estimation protocol [2].
In Chapter 5 we briefly review the so called conditional probability interpre-
tation (CPI) of quantum mechanics [41, 42]. This is an interpretation of quantum
mechanics in which the Schro¨dinger equation is replaced by the eigenvalue equa-
tion H|ψ〉 = E|ψ〉 and parameter time t as it appears in the Schro¨dinger equation
does not play any role. Despite this, it is still meaningful to use conditional prob-
abilities and conditional expectation values to keep track of dynamics of one
system with respect to the other, i.e. quantum clock. Page and Wootters [18]
for the first time presented a scheme in which they argued that since parameter t
is not an observable one should average over this parameter and use conditional
probabilities to investigate dynamics in quantum theory. They believed that the
only measurable quantity was the extended version of conditional probabilities
in Schro¨dinger quantum mechanics to the timeless interpretation. Following the
debate between Karl Kuchar and Don Page [43, 44], it was believed for some
time that CPI does not have any sense of history and it can only answer ques-
tions about one instant of time. Recently the authors of [45] showed that CPI
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can be extended to find conditional probabilities involving multiple-time events.
They generalized Page and Wootters scheme to answer the more fundamental
question, namely,“What is the probability of the system’s measurement result
being A2 at time T2 knowing that the system’s measurement result was A1 at
time T1”. In Schro¨dinger quantum mechanics this question can be answered us-
ing the propagator K(A1, T1, A2, T2) =
∣∣〈A2|e−iHs(T2−T1)|A1〉∣∣2. They showed that
in the classical limit multiple-time CPI agrees with the propagator in Schro¨dinger
quantum mechanics.
We also explain another perspective to the conditional interpretation of quan-
tum mechanics in which due to the canonical quantization of general relativity the
Schro¨dinger equation is obtained as the Wheeler-Dewitt equation, i.e. H|ψ〉 = 0,
which again suggests a frozen dynamics. We explain Dolby’s formalism [46] for
this perspective where he shows that one-time and multiple-time conditional prob-
abilities can still explain dynamics of a system in the presence of the Hamiltonian
constraint. We give an example of two non-interacting harmonic oscillators ini-
tially in a product state of two coherent states where one of the coherent states
acts as a quantum clock for the other. We see that in the limit of a large quantum
clock, i.e. large mean photon number, the Schro¨dinger dynamics is retrieved.
Finally we phrase the conditional interpretation of quantum mechanics as a quan-
tum communication protocol between two parties who do not have access to a
common reference frame. We show that the decoherence caused by not having
access to parameter time t corresponds to the decoherence caused due to not
having a shared reference frame between two parties. Also this way we make the
connection between the resource theory of asymmetry and CPI where the initial
optimal state for the quantum clock turns out to be the most asymmetric state.
Choosing this optimal state for the initial state of the quantum clock suppresses
decoherence effects and consequently the resultant dynamics will be closer to the
dynamics expected from the Scho¨dinger equation.
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Chapter 2
Mathematical preliminaries and the
resource theory of asymmetry
We begin this chapter by briefly reviewing the basic mathematical tools required
in the following chapters. The familiar reader is suggested to skip the first two
sections of this chapter, since our central focus here is on the resource theory of
asymmetry.
2.1 Quantum Operations
In quantum theory a natural way to describe the dynamics of an open quantum
system is to consider it interacting with an environment. After the interaction is
over, the environment is ignored. In the Schro¨dinger picture the time evolution
of the quantum system is described by a map which takes the initial state of the
system to its state after the interaction
ρ 7→ ρ′ = E(ρ), (2.1)
where the final state is not necessarily normalized, i.e. Tr E(ρ) ≤ 1. Such a map,
E , which takes a state ρ in the Hilbert space Hi and outputs another state ρ′
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belonging to the Hilbert space Hf is called a quantum operation which describes
the dynamics of a quantum system in a wide variety of circumstances such as
quantum teleportation, quantum cryptography, quantum computers and quan-
tum measurements. The duality between the states and operators in quantum
theory then connects the Schro¨dinger picture to the Heisenberg picture. Two
familiar examples of quantum operations are unitary transformations and mea-
surements.
2.1.1 Defining the properties of quantum operations
Here we address the properties of a quantum operation. Going through these
properties will make the notion of a quantum operation more clear.
1. A quantum operation is linear. It takes a statistical mixture of the form
ρ = w1ρ1 + w2ρ2 to a statistical mixture of the final states of the form
E(ρ) = w1E(ρ1) + w2E(ρ2).
2. It does not enlarge the trace. Note that if we require the trace of the final
density matrix to be the same as the initial density matrix under quantum
operation we have already eliminated some operations such as projective
measurements. Suppose that we have a state ρ with Tr(ρ) = 1 in hand, as
a result of a measurement the state will be mapped as below,
ρ 7→ ρ˜′ = E(ρ) = ΠmρΠm, (2.2)
where Tr ρ˜′ ≤ 1. Therefore it suffices to require the trace of the density
matrix not to increase.
3. Finally we demand complete positivity of E , but first we need to define a
positive operator. An Operator A is said to be positive if
〈ψ|A|ψ〉 ≥ 0 for all |ψ〉.
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For a quantum operation to be completely positive it is not sufficient if the map-
ping only conserves the positivity of the density matrix. In this case if another
arbitrary system B with Hilbert space HB is added to the original system A with
Hilbert space HA and the superoperator is trivially extended to EA ⊗ 1B giving
the evolution operator of the composite system, then EA⊗ 1B must remain posi-
tive on the Hilbert space of the composite system HA ⊗HB. This is because in
some cases if we do not consider this extra condition, the final density matrix of
the composite system will have negative eigenvalue(s) and therefore will not be a
physical state.
In the context of quantum information, quantum operations are also known as
quantum channels or sometimes as completely positive maps. One example is the
unitary evolution itself, i.e. U(ρ) = UρU †, which is linear, trace non-increasing
and completely positive. As another example consider the expansion mapping
T : H → H ⊗ H′. Assuming that the initial state of the original system and
the auxiliary system is ρ′ the action of this quantum channel can be written as
T (ρ) = ρ ⊗ ρ′, where it can be easily checked that the above properties of a
quantum channel holds for this mapping.
2.1.2 The Operator-Sum decomposition of a quantum op-
eration
Here we state a very useful theorem known as operator-sum decomposition the-
orem.
2.1.1. Theorem. A mapping ρ 7→ ρ′ = E(ρ) which takes a state ρ ∈ Hi and
outputs another state ρ′ ∈ Hf is a quantum operation if and only if it has a
decomposition
E(ρ) =
∑
i
KiρK
†
i , (2.3)
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with linear operators Ki that fulfill the condition
∑
i
K†iKi = 1. (2.4)
The operators Ki are called Kraus operators. As an example let us consider the
partial trace. First let us define a linear operator that maps from the Hilbert
space HA ⊗HB onto HA as
KABi |ψAB〉 = KABi (
∑
j
cj|aj〉|bj〉) = ci|ai〉 (2.5)
one can easily show that ∑
i
KAB†i K
AB
i = 1. (2.6)
Then using theorem (2.2.1) we can write a quantum operation E as
E(ρAB) =
∑
i
KABi ρK
AB†
i . (2.7)
Now all we need to do is to show that the quantum operation defined here is in
fact the partial trace which can be easily verified by noting that
E(ρA ⊗ |bj〉〈bj′|) = ρAδj,j′ = TrB(ρ⊗ |bj〉〈bj′|). (2.8)
2.1.3 The unitary freedom in operator-sum decomposi-
tion
In this section we explain the ambiguity present in the operator-sum decompo-
sition. The unitary freedom in operator-sum decomposition explains how two
quantum operations can have two different physical interpretations yet their ac-
tions on the initial state give the same final state. We state this freedom in form
a theorem [47].
2.1.2. Theorem. Suppose we have two different sets of Kraus operators {E1, E2,
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..., Em} and {F1, F2, ..., Fm} which belong to two different quantum operations E
and F . Then E = F if and only if the there is an m by m unitary matrix uij such
that we have,
Ei =
∑
j
uijFj. (2.9)
Proof.
Here we are going to prove that if the relation (2.9) holds for two sets of Kraus
operators, then the two quantum operation corresponding to these two sets of
operators will be identical. Consider the quantum operation E(ρ) = ∑iEiρE†i ,
substituting relation (2.9) into it we get,
E(ρ) =
∑
i,j,j′
uijFjρF
†
j′u
†
ij′ (2.10)
and since uijs are arrays of a unitary matrix we have,
∑
i
u†ij′uij = δjj′ (2.11)
one can use the last two relations together and observe that E(ρ) = F(ρ). 2
In Chapter 3 we use this theorem to make the physical interpretation of a
quantum channel easier. Here we merely represent the quantum operation to
emphasize the importance of choosing the appropriate set of Kraus operators.
Consider a quantum channel of the form
E [ρ] = (1
2
+
1− z2
2d2
)ρ+
2
d2
(Lz +
z
2
)ρ(Lz +
z
2
) +
1 + z
d2
L+ρL− +
1− z
d2
L−ρL+
(2.12)
where Lz is the Z-component of angular momentum operator. z determines
the polarization of a spin-1/2 particle and −1 ≤ z ≤ 1. z = ±1 correspond
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to polarization along ±-direction of Z-axis. The dimension of spin-l particle’s
Hilbert space is d = 2l+ 1. L± = Lx± iLy are the ladder operators. The rotated
angular momentum operators around Y -axis through an angle θ are
(Lθx, L
θ
y, L
θ
z) = (cos θLx − sin θLz, Ly, sin θLx + cos θLz). (2.13)
Writing the above quantum operation in terms of these rotated angular momen-
tum operators we get the new set of Kraus operators of the rotated angular
momentum operators
1
d
√
2
{
√
d2 + 1− z2, 2(cos θLθz − sin θLθx +
z
2
),
√
2(1 + z)(cos θLθx + sin θL
θ
z + iL
θ
y),√
2(1− z)(cos θLθx + sin θLθz − iLθy)}. (2.14)
Then we apply the unitary
U =

1 0 0 0
0 0
√
1−z
2
−
√
1+z
2
0 cos θ
√
1+z
2
sin θ
√
1−z
2
sin θ
0 − sin θ
√
1+z
2
cos θ
√
1−z
2
cos θ
 (2.15)
to these set of Kraus operators and we find another set of Kraus operators
1
d
√
2
{
√
d2 + 1− z2, 2i
√
1− z2Lθy, 2Lθz + 2iz sin θLθy + z cos θ,
2Lθx + 2iz cos θL
θ
y − z sin θ}. (2.16)
Now if we make the approximations Lθz ∼ lr and Lθx, Lθy ∼
√
l and keep the
terms up to the order 1/l, then in the limit of large-l then the resultant quantum
operation can be written as
E [ρ] = ρ+ irz
2l
sin θ[Ly, ρ], (2.17)
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which is equivalent to a rotation around Y -axis through an angle of rz
2l
sin θ.
Therefore in this example, using the unitary freedom allowed in the Kraus oper-
ators, we managed to find a nice interpretation of the quantum operation E .
2.1.4 Stinespring Dilation Theorem
In this section we explain how every quantum channel can be written as a uni-
tary evolution in an extended Hilbert space. To this end first we show a relation
discovered by Jamiolkowski [48, 49, 50] which is known as Jamiolkowski isomor-
phism. We find it useful to go through the details of the proof of the theorem
here, since in Chapter 4 we present the covariant form of it. For the most part
of the proofs we follow the lines of reasoning given in [49].
Let us suppose Alice and Bob share the maximally entangled state
|φ〉 = 1
d
d∑
i=1
|i〉 ⊗ |i〉 ∈ H ⊗H, (2.18)
where {|i〉} is an orthonormal basis of the the Hilbert space H. Suppose that
Alice does a quantum operation E : B(H)→ B(H′) on her half of the maximally
entangled state |ψ〉, but Bob does nothing to his half. Therefore the state of the
composite system changes to RE(|φ〉〈φ|) = (E ⊗ I)|φ〉〈φ|. RE : B(H ⊗ H) →
B(H′ ⊗H) is a positive map since it is a trivial expansion of E which is itself a
completely positive map. It is easy to check that RE is also linear and bijective
which means it is a linear isomorphism. The inverse of RE is R−1E : B(H′⊗H)→
L, where L is the set of all linear operators from B(H) to B(H′). Lets suppose
ρ ∈ B(H′⊗H) then the action of R−1E on the state ρ gives us a quantum operation
Eρ which depends on ρ. For every σ ∈ H we have
〈i′|Eρ(σ)|j′〉 = dTr[ρ(|j′〉〈i′| ⊗ σT )], (2.19)
where T is the transpose operation. As we mentioned if E is a completely positive
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map then RE is a positive map, but it is not obvious that if RE is a positive map
then E will be a completely positive map. To prove this let us consider a state |ψ〉
to be a purification of ρ, i.e. we have ρ = TrK[|ψ〉〈ψ|], where |ψ〉 ∈ H′ ⊗H ⊗ K
and ρ ∈ H′ ⊗H. Also suppose that {|k〉} is an orthonormal basis of the Hilbert
space K. Therefore there is an operator V : H′ → H⊗K such that 〈i⊗k|V |j′〉 =√
d〈ψ|j′ ⊗ i⊗ k〉. Using equation (2.19) and the definition of operator V , we get
〈i′|V ∗(|i〉〈j| ⊗ I)V |j′〉 = d
∑
k
〈ψ|j′ ⊗ i⊗ k〉〈i′ ⊗ j ⊗ k|ψ〉
= dTr[ρ(|j′〉〈i′| ⊗ |i〉〈j|T )]
= 〈ı′|Eρ(|i〉〈j|)|j′〉. (2.20)
So far we have shown that for every state ρ there is a Hilbert space K and an
operation V : H′ → H⊗K such that Eρ(σ) = V ∗(σ⊗ I)V . From this relation we
conclude that if ρ is positive then Eρ is completely positive. Therefore we have
proved the following theorem [49]:
2.1.3. Theorem. For every completely positive map E : H′ ⊗ H, there exists
a Hilbert space K and a linear operator V : H′ → H ⊗ K such that E(ρ) =
V ∗(ρ⊗ I)V .
From this theorem we can see that there is a lot of freedom on choosing the pair
(K, V ). For instance we can always enlarge the Hilbert space K by adding another
Hilbert space K′ in the same way. Then next natural step is to find the smallest
possible Hilbert space K. If we choose the purification of ρ, i.e. the state |psi〉
to be its minimal purification then the Hilbert space K will also be the minimal
Hilbert space as well.
Now since V is an isometry then it can always be extended to a unitary evolution,
i.e. it can be written as U(|α〉 ⊗ |β〉) = V (|α〉), then we can state the above
theorem in a more useful form for our future purposes in this thesis [49]:
2.1.4. Theorem. Given that E : B(H) → B(H) is a quantum channel, there
always exist a pure state σ ∈ K and a unitary evolution U : H⊗K → H⊗K such
that E(ρ) = TrK[U(ρ⊗ σ)U †].
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For a complete proof we refer the readers to [49]. In this section we represented the
Stinespring theorem in its ancilla form which shows that a quantum channel can
always be written as a unitary evolution in an extended Hilbert space by adding
an ancilla in a pure state to the initial state of the system. In chapter (4) when we
encounter symmetric evolutions we use a variation of Stinespring theorem which
relates a covariant quantum channel and a invariant unitary acting on a larger
Hilbert space by adding an invariant ancillary system to the initial state of the
system [51].
2.2 Von Neumann-Lu¨ders measurement model
Given a quantum system described by a Hilbert space H, an observable A is
represented as a Hermitian operator on H, with eigenvalues corresponding to the
possible experimental values of A. A measurement of A can be described in two
distinct ways, firstly in terms of the information acquisition in which our knowl-
edge about a given quantum state ρ is updated, or secondly by describing the
measurement as a physical process. In section (2.1) we explained the evolution
of a system’s state when it is considered as an open system. In this section we
review the second way of describing measurement of an operator A in quantum
measurement theory.
The prototypical model of a sharp measurement1 as a physical process is the
von Neumann-Lu¨ders model [52, 53]. In this scenario one measures the observable
X of a primary system S through introducing an apparatus system A, initialized
in some default state |ψ0〉 ∈ HA, and dynamically coupling the two systems under
a unitary U on HS⊗HA. The apparatus itself is assumed to have a distinguished
‘pointer’ observable ZA which records the measurement outcome.
The observable ZA is assumed to have a sufficiently large spectrum that the
1A sharp measurement of an observable A on a quantum system is described by the set
of projectors {|an〉〈an|}, where the states |an〉 are the eigenstates of the observable A, i.e.
A|an〉 = an|an〉. These measurements are also referred to as projective measurements or ideal
von Neumann measurements.
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unitary U sends |xi〉 ⊗ |ψ0〉 → U(|xi〉 ⊗ |ψ0〉) = |xi〉 ⊗ |zi〉, where {|xi〉} is a
complete eigenbasis (with possible degeneracies) of the observable X, and {|zi〉}
is an eigenbasis for ZA. The unitary U simply correlates the eigenstates of the
measured observable with the eigenstates of the pointer observable. Assuming
that the system S is initially in the state |φ0〉, the action of unitary U can be
written as
U(|φ0〉 ⊗ |ψ0〉) =
∑
〈φij|φ0〉|φij〉 ⊗ |ψi〉, (2.21)
where |φij〉 and |ψ1〉 are orthonormal basis of the system’s Hilbert space HS and
apparatus’s Hilbert space HA respectively . The index j accounts for the degen-
eracy of the eigenvalues of the measured observable.
A particular characteristic of the von Neumann-Lu¨ders model is that the mea-
surement is a repeatable measurement in the sense that when the system is pre-
pared in an eigenstate |xk〉 of X, then after the measurement process it remains
in this eigenstate. The issue of repeatability is significant if one wants to asso-
ciate properties with quantum systems. For example one might wish to perform
measurements on a system to prepare it in a particular pure state with sharp ex-
pectation values of certain observables and for this one would require repeatability
of the preparing measurements. More generally, repeatability turns out to be a
useful and distinctive characteristic for the classification of quantum measure-
ments. For example, it turns out that if a quantum measurement is repeatable
then it must necessarily be a discrete measurement [54].
2.3 Resource theory of asymmetry
A useful and unifying concept in quantum information theory is the idea of a
consumable “resource”, and its meaning largely coincides with its use in many
other contexts [55]. Intuitively speaking, a resource is anything scarce or hard
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to obtain and which must be consumed in order to achieve some desired action
or task. For example, in order to produce mechanical work one must consume
free energy, and in order to teleport a quantum state some entanglement must be
consumed [56, 57, 58].
Every quantum resource theory is defined by a set of restrictions on the type
of operations that we can perform. Only certain states can be prepared un-
der such restrictions, and the resource states are simply defined as those states
which cannot be prepared under the restriction [59]. For the resource theory
of entanglement, we define the class of LOCC operations corresponding to al-
lowing Local Operations and Classical Communications, and which provides an
axiomatic definition of entangled states as its resource states. Entanglement, in
all its different forms, is simply identified as that which does not increase under
LOCC [60, 61, 62, 63].
When in the possession of a resource state |ψ〉, we may ask what other re-
source states can be obtained from |ψ〉 through the allowed operations of the
theory. In general the allowed transformations between resource states is highly
complex, and we often subdivide the problem and consider either strictly deter-
ministic transformations or more general stochastic transformations. Once the
allowed transformations between states have been established we have a notion
of one states being more of a resource than another, and we may define various
measure functions to quantify the particular resource, as we shall illustrate in
the next section. All conservation laws can be identified with particular symme-
tries, and symmetry groups. Energy and momentum conservation corresponds to
translational symmetry in time and space respectively, while angular momentum
conservation has associated the rotation group SO(3). The symmetry group G of
a conservation law itself defines a class of allowed quantum operations that respect
the symmetry action. This in turn defines a resource theory in which asymmetric
states (with respect to G) are defined as the valuable resources. While a con-
servation law might define a theory of asymmetric states it turns out that the
operations that respect the particular conservation law only form a proper subset
of the allowed operations of the asymmetry resource theory, as we shall explain
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in chapter (4).
The presence of a group structure allows us to bring to bear all the usual
machinery of representation theory in describing the various constituents of the
resource theory. Given a system with associated Hilbert space H, and a unitary
representation of the group U : G → B(H), so that quantum states transform
as ρ 7→ U(g)ρU †(g) under the group action. The allowed quantum operations
E : B(H) → B(H) of the theory are the G-covariant operations E such that
E(U(g)ρU †(g)) = U(g)E(ρ)U †(g) for all ρ and all g ∈ G 2. This condition can be
expressed compactly as
[E ,U(g)] = 0, ∀g ∈ G (2.22)
where U(g)(·) = U(g)(·)U †(g) is a superoperator acting on B(H).
The state ρ is then called a symmetric state if [ρ, U(g)] = 0 for all g ∈ G,
and asymmetric otherwise. The subgroup of G with respect to which a state ρ is
invariant is shown by SymG(ρ) ≡ {g ∈ G : U(g)[ρ] = ρ}. In chapter (3) we will
see that these are the only states that we can prepare when we do not have access
to a reference frame that enables us to do the transformations U(g). It is obvious
that a state ρ will not become more asymmetric as a result of symmetric dynam-
ics. Put it another way, If a state ρi evolves to another state ρf by a G-covariant
operation then every symmetry of the state ρi will also be the symmetry of ρf , i.e.
SymG(ρi) ⊆ SymG(ρf ) [64]. Symmetric states are ‘cheap’, being preparable for
free within the theory, while asymmetric states, transforming non-trivially under
the group action, are the resources. The asymmetric states are often referred to
as “quantum reference frames”.
In the same way that entangled states are useful states for quantum informa-
tion processing tasks [47], the possession of asymmetric states allow certain tasks
otherwise impossible within the constraints of the theory. For example, for G
2This definition is easily extended to the more general case where the quantum map is of
the form E : B(H)→ B(K), for Hilbert spaces H and K of different dimensions.
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being the rotation group in three dimensions, asymmetric states allow the preser-
vation of quantum information encoded in a particle’s spin degree of freedom [65],
or a projective spin measurement along a particular spatial axis [1].
2.3.1 Resource theory of U(1)-SSR
The case G = U(1) will be of particular interest to us, and may be associated
to the problem of synchronizing clocks [66] and the analysis of phase reference
frames such as with a harmonic oscillator, laser or BEC. This abelian group is
generated by an operator N as U(θ) = e−iθN , which we may take simply to be a
‘number’ operator with integer eigenvalues. The full Hilbert space then splits up
into eigenspaces, or charge sectors, of N for which we write H = ⊕nHn.
The asymmetric states of the theory may be written as |ψ〉 = ∑n√pn|ψn〉,
where |ψn〉 is a state lying entirely in the n-particle sectorHn of the operator N on
H. The set {n|pn 6= 0} in an ascending order is called number spectrum of |ψ〉 and
is represented by Spec(|ψ〉) = {n1, n2, ..., nS(|ψ〉)}, where S(|ψ〉) is the cardinality
of the set [67]. The interconversion of U(1)-asymmetric states might be achieved
deterministically or stochastically through U(1)-covariant quantum operations re-
specting the group symmetry. Given the state |ψ〉 we might wish to know whether
|ψ〉 can be deterministically converted to some other state |ϕ〉 = ∑n√qn|ϕn〉, us-
ing only U(1)-covariant quantum operations alone. For this deterministic case a
necessary and sufficient condition is known [68] and depends only on the two
states’ distributions over charge sectors, which we write as p = (p1, p2, . . . ) and
q = (q1, q2, . . . ), for simplicity. It can be shown that |ψ〉 U(1)−cov−−−−−→ |ϕ〉 determin-
istically if and only if p =
∑
k wkT
(k)q where 0 ≤ wk ≤ 1 and
∑
k wk = 1, and
[T (k)v]j = vj+k. In other words the linear translation map T
(k) acts by shifting the
components of vectors by k steps to the right for k a non-negative integer or by
|k| to the left when k is a negative integer. For example, with N = ∑n≥0 n|n〉〈n|,
the U(1)-asymmetric state 1
2
(|0〉 + |1〉 + |2〉 + |3〉) can be converted determinis-
tically, using only covariant operations, to the state 1√
2
(|0〉+ |1〉) or to the state
1√
2
(|1〉+ |3〉), but cannot be converted to 1√
2
(|0〉+ |3〉) deterministically. However,
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the latter state may be obtained stochastically. One important result regarding
the stochastic interconversion of states with gapless number spectrum is that the
neccessary and sufficient condition for the transformation |ψ〉 U(1)−cov−−−−−→ |ϕ〉 to be
possible stochastically is ∃k ∈ Z : Spec(|ϕ〉) ⊂ Spec(|ϕ〉) + k [68]. Also for
the special case where there only exists one value of k satisfying this condition,
it has been proven that the maximum probability of such stochastic processes
is equal to the minimization of pn
qn+k
over n. Indeed, it turns out that from the
uniform superposition state 1√
N+1
∑N
n=0 |n〉 we can obtain any state of the form∑N
n=0 an|k + n〉 for any k ∈ Z and any {an} respecting normalization 3.
Whether we consider deterministic transformations or stochastic transforma-
tions, we have that any two states, |ψ1〉 and |ψ2〉, can be related within the
theory in one of three ways. It might have that |ψ1〉 U(1)−cov←−−−−→ |ψ2〉, meaning they
are equally asymmetic and can be reversibly interconverted, or it might be that
|ψ1〉 U(1)−cov−−−−−→ |ψ2〉 only, meaning |ψ1〉 is the state with the greater asymmetry, and
can be irreversibly converted to |ψ2〉 using covariant operations (or vice versa).
Finally it might be the case that no covariant transformation exists between |ψ1〉
and |ψ2〉, meaning the two states are fundamentally incomparable within the the-
ory. These relations define a partial order ≺ on the space of states where ρ ≺ σ
if and only if ρ can be obtained from σ by covariant operations. The order de-
rived from deterministic transformations, ≺d, is a strictly stronger relation than
that derived from stochastic transformations, ≺s. More specifically, this means
that a pure state |ψ〉 defines a stochastic branch of pure states {|ϕ〉 : |ϕ〉 ≺s |ψ〉},
which contains as a proper subset within it the deterministic branch of pure states
{|ϕ〉 : |ϕ〉 ≺d |ψ〉}.
Any real-valued function that respects the stochastic partial ordering provides
us with a measure of asymmetry, and certain particularly natural measures of pure
state asymmetry already exist. If we choose |ϕ〉 = 1√
2
(|0〉+ |1〉) as our basic unit
of asymmetry (an ‘asbit’), and consider conversion rates involving asymptotically
3See [68] for a fuller account of the resource interconversions, and conversion rates for stochas-
tic transformations between states.
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many copies of |ψ〉, we find (for p being gapless) that
|ψ〉⊗M U(1)−cov−−−−−→ |ϕ〉Var(ψ)M (2.23)
where Var(ψ) = 4(〈ψ|N2|ψ〉 − 〈ψ|N |ψ〉2) is four times the variance of N in the
state |ψ〉. Another such measure is the “relative entropy of frameness” which is
the relative entropy distance between the state and the nearest G-invariant state
to it and the nearest G-invariant state to a density matrix ρ is the g-twirled state
G(ρ) [69], i.e.
minσ∈inv(G)S(ρ||σ) = S(ρ||G(ρ)). (2.24)
For a pure state |ψ〉 = ∑n√pn|n〉, the relative entropy of frameness turns out to
be H(p), the Shannon entropy of the distribution {pn}. For a system of dimension
M + 1 (or restricting to states in the subspace of sectors H0 ⊕ · · · ⊕ HM) both
these measures attain their maximum value on the uniform superposition state,
|Ψ〉 = 1√
M + 1
(|0〉+ |1〉+ · · ·+ |M〉). (2.25)
In this sense, one can then identify the uniform superposition state (2.25) as the
most asymmetric pure state with support entirely in H0 ⊕ · · · ⊕ HM , however
subtleties arise when we consider optimizing certain tasks. Often our measure
of success of a task is expressed in terms of some probability that involves a
potentially complex chain of conditionals, and so, in the absence of task details,
it is only possible to pronounce the state |Ψ〉 as optimal if we restrict to its
deterministic branch. If, however, we enlarge our scope to the full stochastic
branch of |Ψ〉, being all the pure states of the system, any probabilistic measure
of success must include the conversion probabilities in going stochastically from
|Ψ〉 to some other state, and so it may happen that for a particular task the
optimal state differs from |Ψ〉. We provide an explicit example of this feature in
chapter (4).
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2.3.2 G-equivalence vs. Unitary G-equivalence
Previously we introduced G-Covariant operations and as an example we briefly
reviewed the known necessary and sufficient conditions for the possibility of the
transformation |ψ〉 U(1)−cov−−−−−→ |ϕ〉. In order to study the asymmetry properties
of states it is very helpful if we introduce G-equivalence classes, i.e. a group of
states that have the same asymmetry properties. We say two states ρ1 and ρ2 are
in the same G-equivalence class if there exists a G-covariant operation E1 that
transforms ρ1 to ρ2, i.e.
∃E1 : [E1, U(g)] = 0 ∀g ∈ G and ρ1 E1−→ ρ2 (2.26)
and there also exists a G-covariant operation E2 that transforms ρ2 to ρ1, i.e.
∃E2 : [E2, U(g)] = 0 ∀g ∈ G and ρ2 E2−→ ρ1, (2.27)
which means that ρ1 and ρ2 have the same symmetry group, i.e. SymG(ρ1) =
SymG(ρ2). Now if a state from a symmetry group SymG can be transformed via
a G-covariant operation to another state belonging to a different symmetry group
SymG′ , then we can deduce that all the states in SymG can be transformed to a
states in SymG′ . In other words if we want to know if the G-equivalence classes
of two states determine if there is a deterministic or probabilistic G-covariant
operation from one of them to the other.
As we know dynamics of a closed system is described as unitary evolution in
quantum mechanics. Now if there exists a unitary operator V that commutes
with every element of the symmetry transformations of the group G, i.e. ∀g ∈
G : V U(g) = U(g)V , then V is called a G-invariant unitary. Two states |ψ〉 and
|ϕ〉 are called unitarily G-equivalent if there exists a G-invariant unitary VG−inv
such that VG−inv|ψ〉 = |ϕ〉. Note that if V is an isometry, i.e. its input and output
Hilbert spaces are different as opposed to a unitary which has identical input and
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output Hilbert spaces, then the G-invariance condition can be written as
∀g ∈ G : V Uin(g) = Uout(g)V, (2.28)
where Uin(g) and Uout(g) are unitary representations of group G on the input and
output Hilbert spaces respectively. It is clear that unitary G-invariant operations
are subset of G-covariant operations and therefore if two states are unitarily G-
equivalent then they are also G-equivalent, but the converse direction is not true.
In Chapter 4 we give an example where there is no G-invariant unitary that can
discriminate between the two states |±〉 = 1
2
(|0〉 + |1〉) even by adding an ap-
paratus system in a maximally asymmetric state but we can still discriminate
them using G-covariant operations and an asymmetric apparatus. We will see
that the more asymmetric our apparatus is the higher probability of successful
discrimination will be. We also show that even though it is impossible to find a
G-invariant unitary that does the desired discrimination for us, yet it is possible
to extend the Hilbert space using an ancilla in an G-invariant state and therefore
we don’t even need to consume any extra resources either.
2.3.3 Two different perspectives to the resource theory of
asymmetry
In this section we illustrate the two different perspectives to the resource the-
ory of asymmetry known as the “constrained-dynamical perspective” and the
“information-theoretic perspective” [70].
In the information-theoretic perspective, the asymmetry properties of two
states ρ1 and ρ2 are judged by comparing the usefulness of the covariant sets
{U(g)[ρ1];∀g ∈ G} and {U(g)[ρ2];∀g ∈ G} in encoding information about ele-
ments g of the group G. If every element of the the first encoding can be con-
verted to an element of the second set then the first set encodes more information
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compared to the second set. Now if every element of the second set can also be
converted to an element of the first set, then the two sets are equally good in
encoding information about the elements of group G. This perspective naturally
arises in the quantum communication scenarios without shared reference frames
[71, 72], where the two reference frames are initially uncorrelated and two parties
have total ignorance about the direction of their reference frames relative to each
other. In Chapter 5 we explain a quantum communication protocol using quan-
tum reference frames where two parties, i.e. Alice and Bob, wish to communicate
a group element with each other and the optimal (most-asymmetric) initial state
for the quantum reference frame is the one that helps us encode more information
about that group element.
In the constrained-dynamical perspective we determine asymmetry proper-
ties of states by answering questions about existence of a symmetric operation
between them. Now, as explained earlier, if two states are reversibly intercoven-
vertable using G-covariant operations, then they are in the same G-equivalence
class and they have exactly the same symmetric properties.
Necessary and sufficient conditions for unitary G-equivalence
In this section we present the necessary and sufficient conditions for two states to
belong to the same unitary G-equivalence class from both constrained-dynamical
and information-theoretic point of views.
Let us begin by the constrained dynamical point of view. Suppose that {U(g) :
g ∈ G} is a unitary representation of a group G on the Hilbert space H. We can
always decompose the Hilbert space into direct sum of subspaces with differing
total charge Hq known as charge sectors, i.e. H =
⊕
qHq, and each charge
sector can be decomposed further as Hq = Mq ⊗ Nq, where the subspaces Mq
and Nq are the so called gauge and multiplicity spaces [73]. The unitary U(g)
acts irreducibly on subspaces Mq and acts trivially on subspaces Nq, i.e. we
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have U(g) =
⊕
q Uq(g) ⊗ INq . Now using Schur’s lemmas [74] and from the
definition of a G-invariant unitary, it is obvious that a G-invariant unitary is of
the form VG−inv =
⊕
q IMq ⊗ VNq . Therefore a G-invariant unitary acts trivially
on subspaces Mq and unitarily on subspaces Nq. If two pure states |ψ〉 and |ϕ〉
are unitarily G-equivalent, it means that there exists a G-invariant unitary VG−inv
such that VG−inv|ψ〉 = |ϕ〉 and consequently for every q we have
ΠqVG−inv|ψ〉 = Πq|ϕ〉 = (IMq ⊗ VNq)Πq|ψ〉 (2.29)
where Πq is the projector into charge sectorHq. For the last equality we have used
the fact that the projectors Πq and VG−inv commute. Using the relation (2.29)
we can state the necessary and sufficient condition for unitary G-equivalence of
two pure states as a theorem [70]:
2.3.1. Theorem. Two pure states |ψ〉 and |ϕ〉 are unitarily G-equivalent if and
only if for all values of q the condition
TrNq [Πq|ψ〉〈ψ|Πq] = TrNq [Πq|ϕ〉〈ϕ|Πq] (2.30)
holds.
where the set of operators {ρ(q) ≡ TrNq [Πq|ψ〉〈ψ|Πq]} are called the reduction
into irreps of state |ψ〉.
Now let us explain how one can judge if two states are in the same unitary
G-equivalent class with respect to the information-theoretic point of view. As ex-
plained earlier in this point of view the asymmetry properties of a state is specified
by how much information it can encode about the elements of the symmetry group
G, in other words two states |ψ〉 and |ϕ〉 are in the same unitary G-equivalence
class if the two encodings {U(g)|ψ〉;∀g ∈ G} and {U(g)|ϕ〉;∀g ∈ G} encode ex-
actly the same amount of information about the group elements g, which means
that for every element g ∈ G there is a unitary V that transforms U(g)|ψ〉 to
U(g)|ϕ〉, i.e. V U(g)|ψ〉 = U(g)|ϕ〉. Now the necessary and sufficient condition for
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existence of a unitary U that transforms each elements of one set of pure states
{|ψi〉} to elements of another set of pure states {|ϕi〉}, i.e. ∀i : U |ψi〉 = |ϕi〉, is
for their Gram matrices to be equal [75], i.e. ∀i, j : 〈ψi|ψj〉 = 〈ϕi|ϕj〉. We state
the conclusion as a theorem [64]:
2.3.2. Theorem. Two pure states ψ and |ϕ〉 are unitarily G-equivalent if and
only if χψ(g) = χϕ, where χψ(g) = 〈ψ|U(g)|ψ〉 and is called the characteristic
function of a pure state |ψ〉 with respect to a group G.
So far we have explained the necessary and sufficient condition for two pure states
to be in the same G-equivalence class in terms of their characteristic function and
reduction onto irreps. We end this section by stating another theorem which
shows the relation between the two perspectives and we refer the readers for
proof to [70].
2.3.3. Theorem. The characteristic function and the reduction into irreps are
connected to each other via the generalized Fourier transform, i.e.
χρ(g) =
∑
q
Tr[ρ(q)U q(g)] and ρ(q) = dq
∫
dgχρ(g
−1)U q(g), (2.31)
where χρ(g) = Tr[ρU(g)], ρ
(q) = TrNq [ΠqρΠq], dq is the dimension of the irrep q
and dg is the Haar measure on the group G.
Note that the characteristic function is not sufficient to decide the unitary G-
equivalence classes of mixed states. As an example consider the group U(1)
and the two states |ψ〉 = 1√
N+1
(|0〉 + |1〉 + ... + |N〉) and |ϕ〉 = 1
N+1
(|0〉〈0| +
|1〉〈1| + ... + |N〉〈N |). Even though their characteristic functions are equal,
i.e. χψ(θ) = χϕ(θ) =
1
N+1
∑N
n=0 e
−inθ, but clearly they belong to different G-
equivalent classes since the completely mixed state is U(1)-invariant whereas the
state |ψ〉 is not.
In the following chapters we give several examples where we use the concepts
of resource theory of asymmetry to get a deeper understanding of the physics
behind the physical problems under study.
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Chapter 3
Quantum reference frames
3.1 Why quantum reference frames?
In classical information theory the encoding of values 0 or 1 is indifferent to the
degrees of freedom used to encode the classical bit. This type of information is
called fungible information or speakable information. Quantum information the-
ory has been devoted to develop techniques to encode information abstractly as
well. On the other hand there are certain tasks in which one cannot use fungible
information to perform the task, such as clock synchronization and alignment
of directional reference frames. For instance suppose Alice and Bob don’t have
access to a shared Cartesian reference frame. Now If Alice wants to send Bob a
token of her own reference frame, she should use a state which is not spherically
symmetric because otherwise Bob will not be able to extract any information
from the state she sends him. In other words the encoding process cannot be
done abstractly. This type of information which is sensitive to the degrees of
freedom used for encoding information is called unspeakable or nonfungible infor-
mation.
It is important to note that even though abstract encoding processes are possible
for speakable information, in practice one typically needs to choose a degree of
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freedom to perform the encoding and in order to measure that degree of freedom
a reference frame is required. By using multiple particles special entangled states
this can be avoided to some extent [9].
As we will see in the following sections lacking a reference frame implies a
superselection rule. A superselection rule(SSR) forbids one to be able to prepare
a state with coherence between eigenstates of a certain observable.
On the other hand the very presence of a suitable quantum reference frame will al-
low one to have a coherent superposition of the eigenstates which is prohibited by
a superselection rule after a suitable re-factorization of the Hilbert space. One in-
teresting example of obviating from the commonly accepted SSR is demonstrated
in [76]. In this paper they use a Bose-Einstein condensate as a reference frame
in order to show that one can prepare coherent superposition of eigenstates with
differing atom numbers. They also show that the SSR forbidding one to prepare
coherent superpositions of states with different particle statistics can be partially
lifted by choosing a multimode state of many fermions. It is also important to
note that even though choosing an appropriate reference frame seems to be the
solution to realizing certain coherent superpositions but finding such a reference
frame is sometimes not straightforward and creating it could be complicated.
Also lacking a reference frame as demonstrated in [19], [13] and [1] can be treated
as a form of decoherence, known as intrinsic decoherence. Decoherence is usually
due to interaction with an environment to which one does not have access to
but in this case it is results from correlation with a reference frame which is not
accessible.
Sections (3.2) to (3.6.2) are primarily review and overview, although certain calcu-
lations are original in order to facilitate discussion of original work that comprises
sections (3.6.2) to (3.6.5).
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3.2 Reference Frames and Superselection rules
Superselection rules are characterized by the inability to prepare a state with
coherence between different subspaces of Hilbert space corresponding to different
eigenvalues of an operator called the ”charge operator” because they were initially
considered specifically for the case of electric charge [77], which prohobits having
a state with coherence between eigenstates with differing charge. Although SSRs
were considered an axiomatic restriction on quantum states and quantum opera-
tions, it was shown by Aharonov and Susskind [78] that the presence of a suitable
reference frame can lift a SSR. In other words not having access to a reference
frame is equal to a SSR. In this section to make this connection between SSRs and
lacking a quantum reference frame more clear we give a simple example where
we show that lacking a quantum phase reference frame is equivalent to a photon
number SSR.
The Hilbert space for a system with K-optical modes can be decomposed as a
direct sum of Hilbert spaces with precisely n photons in the K-optical modes,
i.e. H = ⊕∞n=0Hn, where Hn is a subspace with precisely n total photons, i.e.
eigenspaces of total number operator Nˆtot with eigenvalue n. Now any state |ψn〉
in the subspace Hn transforms under unitary representation of group U(1) as
U(φ)|ψn〉 = einφ|ψn〉. Therefore if we define the projector into the subspace with
total photon number n by Πn, then the transformation of the state of the system
under unitary representation of U(1) on K modes is
U(φ)|ψ〉 = eiφNtot |ψ〉 =
∑
n
eiφnΠn|ψ〉. (3.1)
Now suppose Alice describes the system relative to her reference frame by the
state |ψ〉. If another party, i.e. Charlie, has a different phase reference frame that
is related to Alice’s reference frame by angle φ then the same system is described
relative to Charlie’s reference frame as U(φ)|ψ〉 = eiφNtot |ψ〉.
The case that we are interested in is when Charlie does not have any information
about the angle that relates his reference frame to Alice’s reference frame. There-
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fore because of Charlie’s lack of knowledge about the angle φ, the state of the
system relative to his reference frame is obtained by averaging over all possible
values of φ
U(|ψ〉〈ψ|) =
∫ 2pi
0
dφ
2pi
U(φ)|ψ〉〈ψ|U †(φ). (3.2)
Substituting (3.1) in (3.2) and making use of the relation
∫
dφei(n−m)φ = δnm
we can write the action of superoperator U on any density matrix ρ as U(ρ) =∑
n ΠnρΠn. Therefore the decomposition of Hilbert space into a direct sum of
subspaces with fixed total photon number allows us to see that the superoperator
U removes all the coherences between the subspaces with differing total photon
number. From Charlie’s point of view, Alice can only prepare states with density
matrices that are block-diagonal in total photon number. Note that the only pure
states that Alice can prepare are those that are entirely in one of the subspaces
Hn.
As we explained the restriction imposed on the type of matrices Alice could pre-
pare was a consequence of Charlie’s lack of knowledge about the transformation
that relates his reference frame to Alice’s reference frame. The question is: Does
this lack of knowledge restrict the type of operations that Alice can perform as
well? The answer is positive. If Alice performs a unitary operation V, we want
to know how it is described by Charlie. Let’s consider the case where the trans-
formation that relates Alice’s reference frame to Charlie’s is known. In this case
Charlie can transform the state to Alice’s frame, then apply the unitary operation
and transform it back to his own reference frame again, i.e.
U(φ)V U(φ)†ρU(φ)V †U(φ)†. (3.3)
Therefore when the angle that relates two reference frames is known, unitary
operation V done by Alice relative to Charlie’s frame is described by Vφ =
U(φ)V U(φ)†. If the angle φ that relates the two reference is unknown then Char-
lie has average over all the possible angles that can relate his frame to Alice’s
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frame, i.e.
V˜ (ρ) =
∫ 2pi
0
dφ
2pi
U(φ)V U(φ)†ρU(φ)V †U(φ)†. (3.4)
Now if ρ has been prepared by Alice then it is a U(1)-invariant density matrix,
i.e. U(φ)†ρU(φ) = ρ, with respect to Bob’s reference frame, consequently the
unitary operation performed by Alice is described as
V˜ (ρ) = U (V ρV †) . (3.5)
This means that any unitary operation done by Alice is seen as a block-diagonal
unitary operation by Charlie.
The restriction on the states that Alice can prepare and also on the operations
that she can perform as a consequence of lack of knowledge about the relative
transformation between the two reference frames is exactly what is called the total
photon number superselection rule, where coherences between eigenspaces with
differing total photon number are assumed not to exist. Later in section (4.4) we
will address the converse situation, wherein having access to a phase reference
frame enables us to observe coherence in total photon number subspace.
3.3 Quantum state estimation with bounded ref-
erence frames
3.3.1 Relative parameter estimation
Whenever a system can be decomposed into smaller parts, we will be dealing with
two different types of degrees of freedom, namely collective degrees of freedom
and relative degrees of freedom. The collective degrees of freedom relate the sys-
tem to an external reference frame and relative degrees of freedom are those that
determine the relation between two different parts of the system itself. Encoding
in relative degrees of freedom has been shown to be useful and it has been argued
43
that ultimately all degrees of freedom should be considered relational [79, 80, 12].
One example is when there is a superselection rule in force, where encoding infor-
mation in relative degrees of freedom helps us nullify the SSR as will be discussed
in section (4.4). In this section we focus on the example of two spin particles and
optimal estimation of the relative angle between them. For the most part, we are
following the formulation of [20].
Suppose we have a spin-j1 particle and a spin-j2 particle with Hilbert space
Hj1 ⊗ Hj2 . This Hilbert space carries a collective rotation of the form R(Ω) =
Rj1(Ω) ⊗ Rj2(Ω), where each particle is rotated by the same angle Ω. Now we
can label the state of the two spin particle by two symbols α and Ω where α is
a relative parameter that does not change under the action of collective rotation
and Ω is a collective parameter that varies as
R(Ω′)ρα,ΩR(Ω′)† = ρα,ΩΩ′ . (3.6)
Suppose Alice prepares two spin particles in two spin-coherent states 1 and sends
it to Bob. In this case the only relative degrees of freedom is the relative angle
between the two particles. Assume Bob wishes to estimate the relative angle
between the two spins without having any prior knowledge of the collective pa-
rameter. In order to do so he uses a set of POVMs {Eλ} and on obtaining result
λ he uses the Bayes’ rule to update his prior probability distribution p(α) to his
posterior distribution
P (α|λ) = Tr(Eλρα)p(α)
p(λ)
, (3.7)
where p(λ) =
∑
α p(α) Tr(Eλρα) and we have assumed that the prior distribution
is uniform over the collective parameter, i.e. p(α,Ω) = p(α). Any two set of
POVMs that are related by a collective rotation will give us the same posterior
1Spin coherent states are simply the eigenstates of z-component of spin, i.e. Lz|l, k〉 = k|l, k〉,
where −l ≤ k ≤ l. They are defined by the action of rotation operator R(θ, φ) on |l,−l〉, where
R(θ, φ) = exp{ 12θ[exp(−iφ)L+ − exp(iφ)L−]}. We refer the readers for more details to [81].
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distribution. Also the rotationally invariant POVM E¯λ =
∫
dΩR(Ω)EλR(Ω)
†
gives us the same posterior probability distribution. Sets of POVMs with this
property are informationally equivalent, they yield equivalently good estimation
of the quantity in question. Therefore the problem of optimizing the relative pa-
rameter estimation reduces to finding the most informative rotationally invariant
POVM.
In the case of two spin particles the Hilbert space can be decomposed into
direct sum of multiplicity-free irreducible representations of SU(2), i.e. H =⊕j1+j2
J=|j1−j2|HJ . It can be shown that any rotationally invariant POVM E¯λ can be
written as a convex combination of the projectors into subspaces with total an-
gular momentum J , i.e. E¯λ =
∑
J sλ,JΠJ , where
∑
λ sλ,J = 1 and sλ,J ≥ 0. This
POVM cannot be more informative compared to the projective measurements
ΠJ , simply because it is just a random sampling of the projective measurements.
Therefore whenever the prior over collective degrees of freedom is uniform the
optimal measurement to estimate the relative angle between two spin particles
initially prepared in two spin-coherent states is measurement of total angular mo-
mentum J via projectors ΠJ .
As our information gain measure we use the average relative information between
prior and posterior probability distributions Iav =
∑
λ p(λ)Iλ such that
Iλ =
∑
α
H(p(α|λ), p(α))−H(p(α|λ)) (3.8)
H(p(α|λ), p(α)) = −∑α p(α|λ) log2(p(α)) is the cross entropy and Iλ is the clas-
sical relative entropy.
3.3.2 Two spin-12 particles
Let’s consider the case where Alice prepares two spin-1
2
particles and sends them
to Bob. The spin-1/2 particles are initially prepared in spin-coherent states |nˆ1〉
and |nˆ2〉. |nˆi〉 states are the eigenstates of ~S · nˆi with eigenvalue 1. Therefore,
regardless of the overall phase, the state of two spins can be written as |nˆ1〉⊗|nˆ2〉 =
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|0〉 ⊗ d(1/2)(α)|0〉, where
d1/2(α) =
 cos(α/2) − sin(α/2)
sin(α/2) cos(α/2)
 , (3.9)
cos(α) = nˆ1 ·nˆ2 and α is the relative angle between the the two spin particles. The
joint Hilbert space of two spin-1
2
particles can be decomposed into symmetric (J =
1) and antisymmetric (J = 0) subspaces. The projectors into these subspaces
are ΠA = |ψA〉〈ψA| and ΠS = I − ΠA. Therefore the conditional probability
of outcomes S and A given a measurement result α is p(A|α) = Tr(ΠAρα) =
1
2
sin2(α
2
) and p(S|α) = 1 − p(A|α). In what follows we consider two different
prior probabilities. First we look at the case where the two spin-1/2 particles
are guaranteed to be parallel or antiparallel with equal probabilities. Then we
consider another interesting case wherein the prior probabilities over each spin-1
2
particle’s direction is uniform.
Parallel vs. antiparallel spins
Let’s suppose that the two particles are either parallel or antiparallel with equal
probabilities, i.e. p(α = 0) = p(α = pi) = 1
2
. In this case for probabilities of
symmetric and antisymmetric outcomes, using the relation for p(λ) we have
p(A) = p(A|α = 0)p(α = 0) + p(A|α = pi)p(α = pi) = 1
4
p(S) = p(S|α = 0)p(α = 0) + p(S|α = pi)p(α = pi) = 3
4
. (3.10)
We find the posterior probabilities to be p(α = 0|A) = 0, p(α = pi|A) = 1,
p(α = 0|S) = 2
3
and p(α = pi|S) = 1
3
. This means that whenever Bob gets the
symmetric outcome he will know for sure that the spins were parallel but if he gets
the antisymmetric outcome he knows that spins are twice as likely to have been
parallel than antiparallel. Using (3.8) the information gain upon obtaining the
symmetric and antisymmetric outcome are IA = 1 and IS ' 0.08170. Therefore
the average information gain will be Iav = 0.3113.
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Uniform prior probability
As we explained before any collective rotation of the two particles will not affect
the posterior probability distribution and only the relative angle between the two
spins is important. Without losing any generality, we fix the orientation of one of
the spins to be pointing along +z-direction. Then the relative orientation between
them can be parameterized by polar angle θ and azimuthal angle φ. Since there
is a rotational symmetry around the z-axis, the prior probability will just depend
on the polar angle θ, i.e. we have p(θ)dθ =
∫ 2pi
φ=0
sin θdθ dφ
4pi
= 1
2
sin θdθ. Therefore
the posterior probabilities will be
p(θ|A) = sin2(θ
2
) sin θ
p(θ|S) = 1
3
[2− sin2(θ
2
)] sin θ, (3.11)
which results in information gains IA = 0.2786 and IS ' 0.02702 and the average
information gain Iav ' 0.08993. As one can see less information is extracted in
this case compared to the previous one and that’s because angles close to pi
2
are
more difficult to distinguish.
The difference between the type of parameter estimation considered here and
previous parameter estimations such as the one in [82] is that here we have sup-
posed that we do not have access to a classical reference frame and therefore our
reference frame is quantum mechanical as well. We explained that in such scenar-
ios the optimal set of POVMs for relative parameter estimation is rotationally-
invariant which means we do not need a background reference frame to be able to
perform these measurements. The classical limit of the results of [20] presented
here also agrees with the results of [82] where they have considered the optimal
relative parameter estimation for in the case of two parallel spins and two anti-
parallel spins. They use the fact that optimal measurement cannot be achieved
by performing only local measurements and classical communication and joint
measurements on both systems is required [83, 84]. They show that two parallel
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spin-1/2 particles |nˆ, nˆ〉 encode more information compared to two anti-parallel
spin-1/2 particles |nˆ,−nˆ〉, which agrees with the examples given in this section.
3.3.3 Directional QRF
Suppose that we want to estimate state of a spin-1/2 particle relative to an
unbounded(classical) reference frame, given that we know the system is in one
of the states |0〉 or |1〉. This quantum state estimation can be done easily since
these two states are two orthogonal states and all we need to do is to measure the
z-component of its spin. Consider the situation in which we do not have access
to a classical reference frame but we can measure the orientation of the spin-
1/2 particle relative to another quantum system, called the directional quantum
reference frame. A directional quantum reference frame is a reference for direction
in space, for instance it can be a gyroscope in a laboratory, and it is different from
having access to a full cartesian reference frame.
We consider a background reference frame (BRF) and we suppose that the QRF
is aligned initially with the z-axis of the BRF. Since we do not have access to
this background reference frame we require the physics of system+QRF to be
independent of our choice of BRF, i.e. it is just a choice of gauge. Therefore
without losing any generality we assume our QRF to be aligned with the z-axis
of our BRF. Now there is an initial correlation between the BRF and QRF and
if we measure the orientation of the system relative to the QRF, the result of the
measurement will let us infer the orientation of the system relative to the BRF
as depicted in figure (3.2).
In this section we use a spin-l system as our QRF for estimating the state of a
spin-1/2 particle which is guaranteed to be in one of the states |0〉 or |1〉. Our
estimation task is to estimate the relative orientation between spin-1/2 particle
and the spin-l particle. The Hilbert space of our composite system isH = HR⊗Hs
which can be decomposed into two multiplicity free subspaces with total angular
momentum J = l+ 1/2 and J = l− 1/2. In [20] it has been shown that the most
informative measurement can be achieved by the rotationally-invariant Projective
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Figure 3.1: The background reference frame and QRF are initially correlated.
We infer the orientation of the system with respect to the BRF by measuring the
relative angle between the spin-1/2 particle and the QRF.
measurement {Π+,Π−} where Π+ and Π− are the projectors into subspaces with
total angular momentum J = l+ 1/2 and J = l− 1/2 respectively. Now since on
one hand we have J2 = l(l+1/2)Π+ +(l+1/2)(l+3/2)Π− = [l(l+1/2)+3/4]I+
2~L · ~S and on the other hand Π+ + Π− = I, then we can find the projectors as
Π± =
1
2
(I2d ±
~L · ~S + I2d
d
), (3.12)
where d = 2l + 1 is the dimension of HR. Therefore when the prior probabilities
for the spin-1/2 particle to be in states |0〉 or |1〉 are equal, the probability of
success in getting the right result is
Psucc =
1
2
Tr[Π+(ρ⊗ |0〉〈0|)] + 1
2
Tr[Π−(ρ⊗ |1〉〈1|)]
=
1
2
TrR[(E
+
00 + E
−
11)ρ], (3.13)
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where
E+00 = 〈0|Π+|0〉 =
1
2
(
Id +
2Lz + Id
d
)
E−11 = 〈1|Π−|1〉 =
1
2
(
Id +
2Lz + Id
d
)
. (3.14)
The optimal QRF state that maximizes the probability of success is the eigenstate
of E+00 + E
−
11 = Id +
2
d
Lz with the biggest eigenvalue, which is the spin coherent
state ρ = |l, l〉〈l, l| and it gives us the maximum probability of success Pmaxsucc =
1 − 1
2d
. We see that as the QRF becomes classical the success probability scales
as 1 − O(l−1). One of the interesting questions about QRF’s is how rapidly
classicality is recovered as some parameter becomes “Macroscopic”.
3.3.4 Phase QRF
In the same way as spin systems need a directional reference frame to be com-
pared to when we try to estimate their orientation in space, whenever we want to
estimate the phase of a photonic system and we do not have access to a classical
phase reference frame we need to compare it to a quantum phase reference frame.
In this section we investigate the quantum estimation process wherein our quan-
tum system is a single optical mode containing at most a single photon which is
guaranteed to be in one of the states |+〉 = 1√
2
(|0〉 + |1〉) or |−〉 = 1√
2
(|0〉 − |1〉)
with equal prior probabilities. If we consider the quantum phase reference frame
is a system with up to N photons in one optical mode, i.e. |ψ〉R =
∑N
n=0 cn|n〉
then we can decompose the joint Hilbert space of system and QRF into a direct
sum as HR⊗HS =
∑N+1
n=0 Hn. The question is how good can this state estimation
be done? As we saw in the directional case, the optimality of this procedure de-
pends on the state of the QRF and the type of measurement we perform in order
to discriminate between the two possible states of the system under study. In [19]
the authors have shown that the optimal measurement is to measure the relative
phase between the system and QRF using a POVM {Π+,Π−}, whose elements
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are the projectors into states “in phase” or “out of phase” and are given by
Π+ =
N∑
n=1
|n,+〉〈n,+|+ |0, 0〉〈0, 0|+ |N, 1〉〈N, 1|
Π− =
N∑
n=1
|n,−〉〈n,−| (3.15)
where |n,±〉 = 1√
2
(|n, 0〉 ± |n− 1, 1〉). The second step is to find the optimal
state for the quantum phase reference frame. Using the fact that Π+ + Π− = I
we can write the probability of success in estimating the state of the qubit as
Psucc =
1
2
Tr[Π+(ρ⊗ |+〉〈+|)] + 1
2
Tr[Π−(ρ⊗ |−〉〈−|)]
=
I
2
+
1
2
Tr[Π+ (ρ⊗ (|0〉〈1|+ |1〉〈0|))]
=
1
2
+
1
2
TrR[Mρ], (3.16)
where M =
∑N
n=1 |n〉〈n−1|+ |n−1〉〈n|. Therefore in order to maximize Psucc we
need to maximize the term TrR[Mρ]. It has been proved in [19] that the quantum
state which maximizes this expression is
|ψ〉 = N
N∑
n=0
sin
[
(n+ 1)pi
N + 2
]
|n〉, (3.17)
where the normalization factor is N =
[∑N
n=0 sin
2
[
(n+1)pi
N+2
]]1/2
. If we use the
optimal state and the optimal measurement to discriminate between the two
possible states of our qubit then the maximum probability of success in getting
the right result using the relations
N∑
n=0
sin(nx) =
sin(Nx
2
) sin( (N+1)x
2
)
sin x
2
N∑
n=0
cos(nx) =
cos(Nx
2
) sin( (N+1)x
2
)
sin x
2
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N∑
n=0
sin2(nx) =
1
4
[1 + 2N − csc(x) sin[(2N + 1)x]] (3.18)
for large N up to O( 1
N2
) is Pmaxsucc ≈ 1 − pi
2
2N2
. Note that so far in order to bound
the size of QRF we have bounded the number of terms in its expansion, in other
words our quantum reference frame has support only on a (N + 1)-dimensional
subspace of the Hilbert space. We note also that in order to bound the energy
of quantum reference frame it is not necessary to limit ourselves to a such a
subspace, for instance a state such as a coherent state has non-zero support on
the total Hilbert space and at the same time has a finite expected energy.
3.4 Relational description of phase
3.4.1 Quantization of a reference frame
In previous sections we demonstrated how lack of an appropriate reference frame
can lead to a SSR. In this section we want to see how having a quantum phase
reference frame will enable us to have coherence in total photon number subspace.
Let’s suppose that U(1)-SSR is in force, either as an axiomatic restriction or as
we explained as a consequence of not having access to a suitable QRF. Then this
SSR does not allow us to prepare |±〉 states. On the other hand If we have a
pair of systems then U(1)-SSR do not prevent us from preparing states with well
defined relative phases since relative phase commutes with total photon number.
Now let’s suppose that we have access to another system which is labeled by
R, then we can prepare states of composite system with 0 or pi relative phase
between them in each subspace with total photon number n as
|ψ0〉 = 1√
2
(|+〉R|+〉S + |−〉R|−〉S)
|ψpi〉 = 1√
2
(|+〉R|+〉S − |−〉R|−〉S), (3.19)
52
where |±〉R = 1√2(|n− 1〉 ± |n〉). We can rewrite these states as
|ψ0〉 = 1√
2
(|n〉R|0〉S + |n− 1〉R|1〉S)
|ψpi〉 = 1√
2
(|n〉R|0〉S − |n− 1〉R|1〉S). (3.20)
Note that these two states are eigenvectors of total photon number and as we
mentioned before they are the only pure states that can be prepared when we
are constrained by U(1)-SSR. Note that all we need to do to map states of the
system to the the states |ψ0〉 and |ψpi〉 is to use the map
|0〉S 7→ |n〉R|0〉S
|0〉S 7→ |n− 1〉R|1〉S. (3.21)
Also in every subspace with total photon number n, we can distinguish completely
mixed state I
2
= |n〉〈n| ⊗ |0〉〈0| + |n − 1〉〈n − 1| ⊗ |1〉〈1| form states |ψ0,pi〉 by
doing the projective measurements {|ψ0〉〈ψ0|, |ψpi〉〈ψpi|}, which does not violate
the U(1)-SSR either. In general when the system has more than one photon one
needs to simply use the map
|m〉S 7→ |n−m〉R|m〉S. (3.22)
This process is called internalization or sometimes quantization of the reference
frame.
3.4.2 Dequantization of a reference frame
In this section we address the reverse question to the previous section, i.e. given
a description of an experiment with respect to an internal reference frame how is
it described with respect to an external reference frame. This process is known
as dequantization of a reference frame. Here again we focus on dequantization of
a phase reference.
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In the case of phase reference frame, the original tensor product structure of
Hilbert space is HR⊗HS which is due to choosing the complete set of commuting
observables as {NR, NS}, whereNR is the photon number operator of the reference
frame and NS is the photon number operator of the system. The orthonormal
basis for the Hilbert space is {|nR, nS〉}, with nR as the eigenvalues of NR and nS
as eigenvalues of nS.
Now let’s choose the complete set of commuting observables as {Ntot, NS}, where
Ntot = NR + NS is the total photon number of the phase reference plus the
system. In this case the Hilbert space structure is of the form Htot ⊗ HS and
the orthonormal basis is {|ntot, nS〉}, which are simultaneous eigenstates of Ntot
and NS. We suppose the system has at most nmax excitations, therefore we
can focus on the subspace H′ spanned by {|ntot, nS〉, nS = 0, 1, ..., nmax, ns ≥
nmax}. Using the complete set of observables {Ntot, NS}, we define two different
subspaces the global Hilbert space Hgl which is labeled by the eigenvalues of Ntot
and the relational subspace Hrel which is labeled by eigenvalues of NS, i.e. we
have the Hilbert space isomorphism H′ = Hgl ⊗ Hrel. The orthonormal basis
for this new structuring of the Hilbert space are {|ntot〉gl ⊗ |nS〉rel ≡ |Ntot =
ntot, NS = nS〉, nS ≤ nmax, ntot ≥ nmax}. We can define a linear map from Hilbert
space HR ⊗ HS to the Hilbert space Hgl ⊗ Hrel via its action on the respecting
orthonormal basis as
|nR〉 ⊗ |nS〉 7→ |ntot = nR + nS〉gl ⊗ |nS〉rel. (3.23)
Under this map every U(1)-invariant state of the form a|n, 0〉+ b|n−1, 1〉 goes to
|ntot = n〉gl(a|0〉rel + b|1〉rel). This state is diagonal in basis of Hgl, therefore if we
trace out the global degrees of freedom we are essentially treating the reference
frame externally. This process of finding a suitable complete set of commuting
observables in order to re-factorize the Hilbert space and then tracing out the
global degrees of freedom is called dequantization or sometimes externalization
of reference frame.
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3.5 Degradation of a Phase QRF
Previously we analyzed the situation where we used a quantum phase reference
frame to discriminate between two possible states of a qubit, i.e. |+〉 and |−〉.
Bounding the energy of QRF via upper bounding the number of non-zero terms in
its number distribution, we found the optimal quantum phase reference frame for
this state discrimination. In this section we are again interested in the longevity
of our QRF. In order to investigate how our reference frame degrades when it is
used for discriminating between the two states of a qubit, i.e. |+〉 and |−〉, we
first explain how its density matrix updates after each time that it has been used.
3.5.1 Updated QRF state after each measurement
We showed that the optimal measurement for this task is to do the relative phase
measurement between QRF and the qubit using the set of POVMs {P±} as found
in (3.15). Then updated density matrix of the QRF is
E(ρ) = Trs [Π+ (ρ⊗ Is) Π+ + Π− (ρ⊗ Is) Π−] =
∑
a,b,c
EcabρE
c
ab, (3.24)
where a, b = 0 or 1, c = ± and the Kraus operators Ecab are
E±00 =
1
2
(IR ± |0〉〈0|)
E±11 =
1
2
(IR ± |N〉〈N |)
E+10 = −E−10 = (E+01)† = −(E−10)† =
1
2
N∑
n=1
|n− 1〉〈n|. (3.25)
Now the evolution of the reference frame as a consequence of the n’th measure-
ment using the above kraus operators can be written as
ρ(n) = E(ρ(n−1)) = 1
2
ρ(n−1) +
1
4
|0〉〈0|ρ(n−1)|0〉〈0|+ 1
4
|N〉〈N |ρ(n−1)|N〉〈N |
+
1
4
A†ρ(n−1)A+
1
4
Aρ(n−1)A†, (3.26)
55
where A =
∑N
n=1 |n− 1〉〈n|.
3.5.2 Quality of Quantum Phase Reference Frame
In order to investigate how well our quantum reference performs after we have
used it to measure n qubits, we use the average probability of success in getting
the right result Psucc. Using the update map in (3.26) we can find the state
of QRF after n measurements. If we assume that the prior probability of the
system to be in states |+〉 or |−〉 then the average probability of success after n
measurements is given by
P nsucc =
1
2
+
1
2
N∑
k=1
Re(ρ
(n)
k,k+1). (3.27)
Here again in the same way as we did for the directional case, we consider the
state that optimizes initial probability of success in discriminating between two
states, i.e. P
(0)
succ. As we saw this state is of the form |ψ〉 = ∑Nn=0 sin [ (n+1)piN+2 ] |n〉
for which initial probability of success decreases as 1
N2
in the limit of large N. Now
what we are interested in is the longevity of QRF, i.e. how does the probability
of success P nsucc decreases with the number of measurements n. In order to find
P nsucc we first point out a recurrence relation for the matrix elements of QRF,
ρ
(n+1)
k,k+1 =
1
2
〈k|ρ(n)|k + 1〉+ 1
4
〈k|A†ρ(n)A|k + 1〉+ 1
4
〈k|Aρ(n)A†|k + 1〉
=
1
2
ρ
(n)
k,k+1 +
1
4
ρ
(n)
k−1,k−2 +
1
4
ρ
(n)
k+1,k+2. (3.28)
Using this relation we can write ρ
(n)
k,k+1 as in terms of the elements of the initial
QRF density matrix as
ρ
(n)
k,k+1 =
1
4
n+k+1∑
j=1
 2n
n− j +m
−
 2n
n− j −m
 ρ(0)j,j+1. (3.29)
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In [19] the authors have compared the average probability of success P nsucc versus
the number of measurements for the optimal phase encoding state and the co-
herent state with the same mean photon number. They show that even thought
the optimal phase encoding state gives a better initial probability of success, the
coherent state degrades slower. This shows that optimizing the quantum state for
the initial discrimination process does not guarantee it being the optimal state
for recurrent uses of the QRF.
3.6 Degradation of a Directional Quantum Ref-
erence Frame
3.6.1 Evolution of the reference frame under measure-
ment interactions
We briefly introduce the formalism for our investigations by recapping the case of
a directional quantum reference frame (QRF) used for measurement; in the main
we are following the formulation of [13].
In standard quantum measurement schemes, for which we presume the refer-
ence frame to be classical, in order to measure the spin component S of a particle
along a direction nˆ we use the projections
Pn =
I2
2
± nˆ · S. (3.30)
Now the question arises: what do we mean by a classical reference frame and in
which aspects it is different from a quantum mechanical reference frame? A QRF
is different from its classical counterpart in two ways. First, due to the inherent
uncertainty in its direction, the measurement results are only an approximation
of what would be obtained using the classical reference frame. Second, each time
the quantum reference frame is used, it suffers a back-action which causes the
future measurements to be less accurate. In this section we examine this latter
phenomenon in detail.
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We model the QRF as a spin-l particle, the spin components described in
the normal manner by an operator L = (Lˆx, Lˆy, Lˆz), and consider it being used
to make measurements of the direction of a series of spin-1/2 particles, each de-
scribed by an operator S = (Sˆx, Sˆy, Sˆz). A measurement of the relative orientation
between the QRF and one particle is given by a measurement of J2 = (L + S)2
(the optimal measurement [20] for determining the relative orientation), i.e. pro-
jection onto the j = l ± 1
2
irreps as described by projectors
Π± =
1
2
(
I2d ± 4L · S + I2d
d
)
, (3.31)
with
Π+ + Π− = I2d. (3.32)
where d = 2l + 1. To verify this works as an approximate measurement of the
particle’s spin we then calculate the partial trace over the reference, initially in a
state ρ, which yields POVM operations corresponding to the two outcomes given
by
Λ±ρ = TrR[Π±(ρ⊗ I2)] =
1
2
(I2 ± 4〈L〉 · S + I2
d
). (3.33)
Note that the induced measurement on the source only depends on the expecta-
tion values of angular momentum of the reference frame, and we can write
Λ+ρ =
l + 1
d
I2 + nˆρ · S
Λ−ρ =
l
d
I2 − nˆρ · S, (3.34)
where
nˆρ =
〈L〉
l + 1
2
. (3.35)
As is clear, this induced measurement is an approximation of what we have in
(3.30) such that as l approaches infinity this approximation becomes more and
more accurate.
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After the reference frame has been used to measure a source particle, it experi-
ences a back-action that can be described as a quantum channel, or a completely
positive trace preserving (CPTP) map, which depends on the polarization direc-
tion of the source particles S. Note that for the moment we presume the specific
measurement result obtained is ignored. To derive this map we consider
E [ρ] = Trs[Π+(ρ⊗ ξ)Π+ + Π−(ρ⊗ ξ)Π−], (3.36)
in which ρ is the state of the reference frame and ξ is the state of the source
particle. Using the expressions for Π±, we may express this channel as
E [ρ] = (1
2
+
1
2d2
)ρ+
8
d2
Trs[L · S(ρ⊗ ξ)L · S] + 2
d2
(ρ(L · 〈S〉) + ρ(L · 〈S〉)).
(3.37)
This expression is coordinate independent and as such we can choose to introduce
a background frame in which the source particles have their spin aligned along
the Z-axis. In this case the state of the sources is given by ξ = 1
2
(I+ zσz) so that
〈Sz〉 = z/2, 〈Sx〉 = 〈Sy〉 = 0 and
E [ρ] = (1
2
+
1
2d2
)ρ+
2
d2
∑
i=x,y,z
LiρLi +
z
d2
(Lzρ+ ρLz + L+ρL− − L−ρL+).(3.38)
This can be written in the more illuminating form:
E [ρ] = (1
2
+
1− z2
2d2
)ρ+
2
d2
(Lz +
z
2
)ρ(Lz +
z
2
) +
1 + z
d2
L+ρL− +
1− z
d2
L−ρL+.
(3.39)
As shown in [13], the reference frame to leading order suffers a drift in its orien-
tation due to non-zero polarization in the measured particles. This drift tends
to align the reference frame with that of the stream of polarized source particles
and constitutes an equilibrium condition in the absence of depolarization effects.
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Figure 3.2: Each spin-1/2 particle is measured against the quantum reference
frame and the measurement result is discarded. The next spin-1/2 particle is
then measured against the degraded reference frame.
To analyse the relative orientation between the QRF and the source particles
we consider an orthonormal frame (xˆ′, yˆ′, zˆ′), obtained from the Cartesian frame
(xˆ, yˆ, zˆ) via a rotation, which transforms (Lx, Ly, Lz)→ (L′x(θ), L′y(θ), L′z(θ)) such
that 〈L′x(θ)〉 = 〈L′y(θ)〉 = 0 and 〈L′z(θ)〉 = rl for some fractional 0 < r < 1. Here
r quantifies the polarization of the quantum reference frame, which is aligned
along the direction zˆ′. Since, by symmetry, the QRF will remain in the X-
Z plane, the transformation is a rotation about the Y -axis and takes the form
L′x(θ) = Lx cos θ − Lz sin θ, L′y(θ) = Ly and L′z(θ) = Lz cos θ + Lx sin θ. In [13]
it was shown that in the limit of large l the map (3.39) can be approximated to
O(1/l) as
E [ρ] ≈ ρ+ irz
2l
sin θ[Ly, ρ], (3.40)
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where θ is the angle between the polarization of the sources (Z-axis) and the
polarization of the reference frame. Consequently, the measurement process pro-
duces an average rotation of the reference frame through an angle Ω(θ) = − rz
2l
sin θ
towards the polarization direction of the sources.
3.6.2 Beyond the Average Map
Equation (3.39) provides the evolution of the reference frame due to a measure-
ment process in which we discard the actual measurement outcome, and repre-
sents the average evolution of the reference frame. However we obtain a more
accurate evolution if we take into account the specific sequence of measurement
outcomes.
The average map E [ρ] can be written as
E [ρ] = p+E+[ρ] + p−E−[ρ]. (3.41)
where a ± outcome occurs with probability p± and the QRF evolves according to
E±[ρ] = Trs[Π±(ρ⊗ ξ)Π±]/p± (3.42)
or more explicitly,
p±E±[ρ] =
(
1
4
± 1
2d
+
1− z2
4d2
)
ρ± z
2d
(ρLz + Lzρ).
+
1
d2
(Lz +
z
2
)ρ(Lz +
z
2
) +
1 + z
2d2
L+ρL− +
1− z
2d2
L−ρL+,
As in the previous section, these maps may be approximated to O(1/l) as
E±[ρ] ≈ ρ
2p±
± z
4lp±
(ρLz + Lzρ) + i
zr
4lp±
sin θ[Ly, ρ]
where the probability of a plus or minus outcome is p±(θ) = 12 ± 12zr cos θ for
l 1.
Recall that we have defined the angle of inclination of the QRF in terms of
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vanishing expectation values, in particular the relation Tr[L′x(θ±)E±[ρ]] = 0 will
define the angle θ± that the transformed state E±[ρ] makes with the Z-axis, while
on the other hand, Tr[L′x(θ)ρ] = 0 defines the initial angle θ. Since Ω± = θ± − θ
we find that Ω± is determined from the relation
sin Ω±
sin(Ω± + θ)
+
zr
2l
cos Ω±
± z
2rl2
[
2〈L2z〉 − cot(Ω± + θ)〈{Lz, Lx}〉
]
= 0, (3.43)
The unusual terms are the quadratic expectation values in the square brack-
ets, which indicate that the dynamics depends on reference frame observables
beyond simply the polarization. After many measurements the dependence on
these observables will tend to cancel on average, however for a small number of
measurements their influence is of importance.
The polarizations of the source particle and the QRF together define a dis-
tinguished frame, which is described by the triple (L′x(θ), L
′
y(θ), L
′
z(θ)). In this
natural frame we find that
tan Ω± =
− zr
2l
sin θ ± z
rl2
(cos θ〈L′x(θ)L′z(θ)〉 − sin θ〈L′x(θ)2〉)
1 + zr
2l
cos θ ± z
rl2
(cos θ〈L′z(θ)2〉 − sin θ〈L′x(θ)L′z(θ)〉)
,
where we have used that the transformed angular momentum operators obey the
usual su(2) commutation relations, [L′i(θ), L
′
j(θ)] = iijkL
′
k(θ) [85, 86, 87]. We
now consider two interesting classes of states, for which more explicit analytic
solutions for Ω± exist.
Partially Coherent States
Since a distinguished frame exists for which the QRF is initially in a state for
which 〈L′x(θ)〉 = 〈L′y(θ)〉 = 0 and 〈L′z(θ)〉 = rl, we can restrict to a class of states
with the property that the initial state ρ obeys
Tr[ρL′i(θ)L
′
j(θ)] = 〈l, rl|LiLj|l, rl〉 (3.44)
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for any choice of i and j. These states possess a high degree of symmetry about
their axis of polarization and include, as a special case, coherent states. On this
set of states we obtain Ω± in a form that only depends on its initial angle of
inclination θ,
Ω± = − arctan
[
z sin θ(r2 ± [l(1− r2) + 1])
2rl(1± zr cos θ)
]
. (3.45)
For r = ±1 we have perfectly coherent states and find that Ω± vanishes in
the l → ∞ limit, as expected, and the QRF becomes a fixed classical reference
frame. Indeed for this perfectly coherent state we find that Ω− = 0 for all theta,
which occurs since the rank of the corresponding projector is 2l+2 and the initial
state lies entirely in its support.
However for −1 < r < 1 we see that as l → ∞ the rotation angles Ω± are
non-zero, in contrast to the average map. We find that
lim
l→∞
Ω± = ± arctan
[
z(r2 − 1) sin θ
2r(1± zr cos θ)
]
(3.46)
which reflects that the QRF does not have perfect polarization along its axis.
Indeed, from (3.34) it can be seen that for 〈L〉 · S = rlS ′z(θ) in the limit
l → ∞ the source particles do not undergo a perfect projective measurement,
but instead are subject to a ‘fuzzy measurement’ with POVM operators Λ±ρ =
(1/2)(I ± 2rnˆ · S). For the QRF, the large transverse fluctuations in 〈L′x(θ)2〉
are affected by the projection Πl±1/2 and leads to a non-vanishing asymptotic
rotation of the QRF.
In figure (3.3) we compare our analytical expression (3.45) with numerical
results for a set of mixed initial states of the form
ρ = pe−iβLy |l, k1〉〈l, k1|eiβLy + (1− p)e−iβLy |l, k2〉〈l, k2|eiβLy , (3.47)
and find excellent agreement. Indeed this analytic expression provides a reason-
ably robust approximation, allowing for a few percent mixing of a random state
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Figure 3.3: (color online) A comparison between a numerical simulation of the
rotation produced by the map E± on a family of mixed states of the form (3.47)
with the expression Ω± obtained in equation (3.45). The state that we have con-
sidered in this figure is ρ = pe−iβLy |l, 90〉〈l, 90|eiβLy +(1−p)e−iβLy |l, 60〉〈l, 60|eiβLy
with p = 0.2 and l = 100.
to the pure partially coherent states. In such cases the analytic expressions tend
to slightly overestimate the angles of rotation.
A convenient subset of these partially coherent states are given by the density
matrices of the form ρ = exp[−β(r)L′z(θ)]/Z, where Z = Tr[exp[−β(r)L′z(θ)].
These states correspond to a QRF partially polarized at an angle θ to the source
particles and with r = −1
l
∂β logZ. These states are special in that they are the
highest entropy states subject to these two conditions on θ and r.
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3.6.3 Evolution of a QRF used to perform a single rotation
on qubit
Single spin-qubit rotations are typically performed using an external classical field
that can be considered as some large amplitude coherent state within the quantum
description. In practice the finiteness of the external control field - equivalent to
our reference system - means that the qubit and the field become entangled,
resulting in a slightly imperfect rotation of the qubit. This was investigated for
the case of a 2-level atom interacting with a single cavity mode initially in a
coherent state in [88]. Our model is very similar - our reference spin is essentially
starting in a large amplitude spin-coherent state. We are interested, however, in
the case the frame is reused multiple times for applying single qubit rotations to
different qubits and how this changes the state of the frame due to back-reaction
on it. As there is no other reference system it is clear the interaction hamiltonian
should be rotationally invariant [12], that is, it should depend only on the relative
orientations of the qubit and the frame. The most natural choice is to consider a
coupling Hamiltonian of the form L ·S, which, in the limit of large l, would yield
a standard single qubit unitary rotation on the spin.
We consider therefore that the QRF and each incoming spin are coupled for
a time t such that the evolution takes the form eiL·St. As already discussed, the
sequential measurement of total angular momentum causes the reference frame to
rotate in the X-Z plane, in other words the expectation value of the y-component
of the QRF is always zero during the whole process, however we shall see the
unitary interaction produces a rotation around an axis that depends on the precise
duration of the interaction.
Backreaction on the quantum reference frame
Using the equations
J2 = (l +
1
2
)(l +
3
2
)Π+ + (l − 1
2
)(l +
1
2
)Π−
I2d = Π+ + Π−, (3.48)
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one can easily obtain that and obtain that L ·S = 1
2
(lΠ+− (l+ 1)Π−). It is clear
from this expression that, in the l→∞ classical limit, coherent interactions with
a highly polarized QRF induces rotation about the spatial axis defined by the
observable Z = Π+−Π−, while for finite l we have that U = Π+ + e−iγΠ− where
γ = t(l + 1/2).
The effect that the QRF suffers due to a single unitary interaction U(γ) is
then given by the CP map
Fγ[ρ] = Trs[U(γ)(ρ⊗ ξ)U(γ)†]
= Trs[(Π+(ρ⊗ ξ)Π+] + TrS[(Π−(ρ⊗ ξ)Π−]
+e−iγ Trs[Π−(ρ⊗ ξ)Π+] + eiγ Trs[Π+(ρ⊗ ξ)Π−].
Once again we assume a source particle polarized along the Z-axis and in the
state ξ = 1
2
(I + zσz) and obtain that [89]
Fγ[ρ] = 1
2d2
(d2 + 1 + (d2 − 1) cos γ)ρ+
+
4
d2
sin2
γ
2
∑
α
LαρLα + iz
4
d2
sin2
γ
2
(LyρLx − LxρLy)
+
2z
d2
sin2
γ
2
(Lzρ+ ρLz) + i
z
d
sin γ[Lz, ρ], (3.49)
from which we only keep up to O(1/l) terms to obtain the following expression
for the effect of the unitary interaction on the reference frame:
Fγ[ρ] ≈ ρ+ izr
l
sin θ sin2
γ
2
[Ly, ρ] +
iz
2l
sin γ[Lz, ρ]. (3.50)
This induces a linear transformation of the initial polarization vector (〈Lx〉, 〈Ly〉, 〈Lz〉)
sending it to (〈Lx〉F , 〈Ly〉F , 〈Lz〉F) where 〈Li〉F ≡ Tr[Fγ[ρ]Li], and the new com-
ponents are given by
〈Lx〉F = 〈Lx〉+ z
2l
sin γ〈Ly〉 − rz
l
sin θ sin2
γ
2
〈Lz〉
〈Ly〉F = 〈Ly〉 − z
2l
sin γ〈Lx〉
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Figure 3.4: 〈Lx〉/l, 〈Ly〉/l and 〈Lz〉/l. The rotation induced on the reference
frame due to the unitary interaction with the source particle for l = 16. The
source particles are polarized along the z-axis with z=1 and the QRF initially
points along the x-axis, θ = pi/2. In this figure N=500 source particles has been
used.
〈Lz〉F = 〈Lz〉 − rz
l
sin θ sin2
γ
2
〈Lx〉. (3.51)
To orderO(1/l) this is a rotational map around the axis (0, 1
r
csc θ cot γ
2
, 1) through
an angle ΩF(γ, θ) = zl sin
γ
2
√
r2 sin2 θ sin2 γ
2
+ cos2 γ
2
, and in particular it is clear
that liml→∞ΩF(γ, θ) = 0. This rotational dynamics is illustrated in Fig. (3.4),
where we perform repeated coherent interactions between the QRF and a stream
of source particles. In the next section we will use the unitary interaction between
the system and QRF with t = 2pi to correct for the of reference frame whilst its
being used for sequential measurements. As you can see in the figure (3.4), in
the case when the interaction time is t = 2pi, if the initial state of QRF is chosen
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so that the expectation values of different components of its angular momentum
are 〈LX〉 = l, 〈Ly〉 = 0 and 〈LZ〉 = 0 initially, it will equilibrate and point in
the direction of polarization of the spin-1/2 particles, i.e. 〈LX〉 = 〈Ly〉 = 0 and
〈LZ〉 = 1. Also in contrast to the other interaction times this specific interaction
time has another property which is it does not force the QRF out of the X − Z
plane as can be seen by replacing t = 2pi in equations (3.51).
3.6.4 Correcting the Drift of a Quantum Reference Frame
In this section we consider certain approaches that allow us to correct the drift
of the reference frame due to the projective measurement {Π±} as considered in
section (3.5).
If, in addition to the source of particles S, which are aligned in the Z-direction,
we also have access to another set of particles S¯, which are aligned in the −Z-
direction, then our intuition is that we may recover the quadratic scaling of [19]
by alternating the measurements on systems from S with measurements on sys-
tems from S¯ as opposed to linear scaling of equation (3.40). Since the sequence
of measured particles has zero net polarization no directional drift of the QRF
occurs.
However, this approach requires the use of an equal number of ‘corrective’
S¯ particles as measured particles - but is this the optimal strategy to eliminate
drift? Two different strategies present themselves, but before discussing them we
first establish an operational criterion for the usefulness of the QRF.
Operational Criterion
We wish to define an operational criterion by which to judge how well the finite-
sized QRF does in the task of mimicking a projective measurement on the source
particles.
To judge the quality of the measurement we follow [19] and consider the
probability of successfully finding the correct result l + 1
2
when a test spin-1/2
particle is pointing along +nˆ (the initial direction of the reference frame)or finding
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Figure 3.5: Psucc as a function of the number of interactions for the case in which
source particles are polarized along the z-axis (z = 1) and the QRF is initially in
the coherent state l = 16 pointing along the x-axis, i.e. θ = pi/2.
the correct result l − 1
2
when the test particle is pointing along −nˆ:
Psucc =
1
2
Tr[Π+(ρ⊗ |nˆ〉〈nˆ|) + Π−(ρ⊗ | − nˆ〉〈−nˆ|)]
=
1
2
(1 + nˆ · nˆρ). (3.52)
In [19] it was shown that the number of measurements a QRF could be used
for before Psucc falls below some threshold scaled quadratically with l if the source
of particles was unpolarized. In [13] it was shown that the scaling becomes only
linear with l if the source of particles being measured has some net polarization.
In Fig. 3.5 we show the degradation of the reference frame under a sequence
of either measurement interactions (solid line) or unitary interations for various
values for γ.
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Figure 3.6: 〈Lz〉/l vs. 〈Lx〉/l for l = 16. The source particles are polarized along
the z-axis and the QRF is initially in the coherent state pointing along the x-
axis. The blue dotted line corresponds to the case of sequential measurements
and the red dotted line is for the case of unitary interaction ei2piL·S after two
measurements.
Correction via Unitary Interactions
The first corrective mechanism we consider is to make two measurements of parti-
cles from S and then to implement a unitary U = e−i2piL·S between the QRF and
a particle from S¯. In Fig. 3.6 we plot the Z-component of angular momentum
of the QRF versus its x-component. The blue line is the degradation with no
correction, as considered in [13]. The red line is for the case in which we have
applied the unitary mentioned above after every two measurements - we observe
that this method helps us to essentially completely correct the rotation of QRF
(the drift towards the polarization of S) and also the speed of its degradation.
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To understand why this works, we see from equation (3.50) that the unitary
interaction can generate a rotation about the Y -axis of rz
l
sin θ sin2 γ/2. For the
particular choice of γ = pi we have that the unitary interaction produces a rotation
exactly twice as large as the measurement interaction, while maintaining the
reference frame in the X-Z plane. By using a source particle from S¯ we can
ensure that this rotation acts in the opposite direction to the drift to equilibrium,
and it is easily checked that
Fpi[E2[ρ]] = ρ+O(1/l2). (3.53)
An important point to emphasize is that the application of the unitary inter-
action not only can correct the polarization drift to O(1/l2), but it does so
without requiring knowledge of the relative angle θ between the QRF and the
source particles. For very large l we have greater freedom regarding when in
the course of a sequence of N measurements the corrective unitaries are per-
formed. If 1  N  l, then we have that p±(θ) is roughly constant over the
course of N measurements. The actual measurement sequence is highly probable
to be a typical measurement sequence with p+N plus outcomes and p−N minus
outcomes. However, since N  l the QRF has rotated through a total angle
p+NΩ+ + p−NΩ− = NΩ, which may be corrected with N/2 unitary interactions
distributed arbitrarily between the N measurements.
In Fig. 3.7, Psucc is plotted against the number of measurements for the two
cases mentioned above. We can clearly see that the longevity of the QRF is now
improved. In this figure the horizontal axis is for the number of measurements
and the particles used to improve the probability of success are not included, so
with the use of particles from S¯ we may extend the lifetime of the QRF to O(1/l2)
in a more efficient manner than described in the previous section.
Keeping track of measurement results
None of the work on QRF degradation has considered the option of keeping track
of the measurement results. This has been primarily for the sake of maintaining
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Figure 3.7: A comparison of probability of success for obtaining correct measure-
ment result in three different cases for l = 16. The dashed line corresponds to the
case of sequential measurements, the dashed-dotted line is for the case in which
we correct the measurement result via applying unitary interactions after two
measurements and the solid line belongs to the case of correction via applying
unitary interactions after each plus outcome.
a simple pedagogy. We can now consider the possibility of actively feeding back
individual measurement results to correct the frame’s drift.
With probability p+ the QRF is transformed as ρ→ E+[ρ] and similarly with
probability p− the QRF is transformed as ρ→ E−[ρ]. A measurement history for
the reference frame may be described via ~s = (s1, s2, . . . , sN), with si = ±. This
sequence of outcomes in term corresponds to a evolution of the QRF given by
E~s[ρ] := EsN [· · · Es2 [Es1 [ρ]]].
The probabilities for large l are given by p±(θ) = 12(1±zr cos θ) where z is the
polarization of the source particles and l is the polarization of the of the reference
frame, as described earlier in section (3.6.2). Since we are considering O(1/l)
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effects we shall assume that r is approximately constant for N  l.
Note that in the context of the above measurement history, the probabilities
for each outcome si are not independent since p± has angular dependence and so
depends on previous rotations induced by si−1, si−2, . . . .
We may again use the unitary interaction, however unlike the case of the
average map E , no simple correction exists for an individual plus or minus outcome
for two reasons. Firstly, the angle of rotation generated by the unitary interaction
decreases monotonically with l and so fluctuations, such as the ones discussed
earlier, may be much too large to correct.
Secondly, the unitary rotation goes sinusoidally with the relative angle θ be-
tween the source particles and the QRF, while the rotations due to the individual
outcomes are in general complicated functions of θ. A knowledge of θ would be
needed to tune the unitary interaction correctly. However, it should be that any
auxilary background reference frame that we may introduce should not feature in
the experimental considerations, and should serve only as a useful intermediate
construct. ‘Information is physical’, and so any meanful coordinate system must
be associated with an actual physical system.
Of course, one could take the view that a large background system already
exists, and relative to this we have already determined the angles of inclinations
of both the source particles and quantum reference frame, and hence know the
value for θ. However, in this case, the goal of considering unitary corrections
would then be to preserve the known state of the QRF in between measurements,
as distinct from providing a reliable reference frame with which one determines
the unknown relative angle with an ensemble of source particles through repeated
measurements.
With a knowledge of the relative angle θ we may tune the unitary interaction
appropriately, using either a source particle from S or S¯, and correct sufficiently
small rotations of the QRF. However, in the event of large measurement rotations,
the best we can do between individual measurements would be to perform the
largest allowable rotation in the required direction - numerics indicate that for
the two projective outcomes Π± we can always correct one outcome entirely and
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the other for pi/2 < θ < pi.
3.6.5 Discussion and Outlook
In this thesis we have analysed in some detail the induced dynamics of a quantum
reference frame as it is used to measure the spins of a sequence of source particles,
and also used to implement unitary interactions on the source particles.
We found that the average behaviour of the QRF is to gradually rotate into
alignment with the source particles at an O(1/l) rate. If we pay attention to
the induced dynamics subsequent to a particular measurement outcome, we find
that the dynamics is not so simple and large fluctuations can exist, which depend
on observables quadratic in L. We considered the restriction to a simple class
of initial states for which the dynamics depends purely on the inclination of the
QRF relative to the source particles. For such states we found that fluctuations
may persist even in the infinite limit, and which give non-trivial dynamics. Of
course in this limit there is, on average, no net rotation of the QRF.
We found that by performing a unitary interaction between the QRF and
source particles every third step, we could eliminate the O(1/l) directional of the
reference frame under the average map. While we have shown how the rotational
drift of the QRF is correctable via unitary interactions, the degradation of the
polarization is more problematic. However, since this degradation arises due to
the formation of correlations between the QRF and the source particles, it should
be possible [90] to partially correct this degradation via interactions that are
sensitive to the correlation patterns present.
Future work might include the issue of parameter-estimation on the state of
the source particles. While ordinary projective measurements possess a degener-
acy between the polarization of the source particles and the relative angle between
the QRF and the particles, the presence of dynamics breaks this degeneracy and
potentially allows a richer measurement inference.
In the ideal projective measurement case, the measurement probabilities are
given by p± = (1 ± z cos θ)/2, and so doing a sequence of measurements only
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gives us the value of z cos θ. However, in the presence of dynamics, the reference
frame responds differently to the polarization z of the source and to the relative
angle θ with the source. For example, by allowing the QRF to gradually come
into alignment with the source particles the measurement pattern is eventually
determined solely by z, while the early-time outcomes encode the dependence on
θ. Such a separation of parameters is a result of the non-trivial dynamics of the
finite quantum reference frame.
It is also possible to do parameter estimation plus correction in parallel. Ini-
tially we know nothing of θ and so can take it to lie uniformly between 0 and pi.
However, for example, getting a string of many plus outcomes implies that the
relative angle θ is quite small. Each successive measurue outcome we obtain al-
lows us to update our estimate for θ and in each case we can use our best estimate
to perform a unitary correction, ideally converging in on a stable distribution and
the correct value for the relative angle.
Alternatively, in the event that we are ignorant of the relative angle θ it may
be possible to perform a ‘conditional’ corrective unitary interaction. The idea
is that the source particle that has been measured with the QRF encodes the
relative angle between the QRF and the unmeasured particles in its new state.
It may be possible to transfer this θ dependence to in a manner which improves
the corrective procedures.
Finally, it would be of interest to extend the analysis we have conducted here
to study how measurement and unitary interactions behave between a large QRF
and higher spin particles.
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Chapter 4
The Wigner-Araki-Yanase theorem
4.1 Introduction
In 1952 Wigner provided analysis showing that in the presence of a conservation
law it is impossible to perform an ideal measurement of an observable LS that does
not commute with the conserved quantity [91]. Specifically, Wigner showed that
if one has an additive conservation law of some quantity Ntot = NS ⊗I + I ⊗NA
over the composite system (such as angular momentum or baryon number), and
an observable LS for which [LS, NS] 6= 0, then there cannot exist a von Neumann-
Lu¨ders measurement that respects the conservation law with [V,Ntot] = 0, where
V is the unitary interaction between the system and apparatus. Wigner demon-
strated, however, that an approximate measurement of LS can be performed, with
the error decreasing as a function of the size of the apparatus system. This result
was later formalized in the work of Araki and Yanase [92]. Here we first revisit
Wigner’s original argument in a modern notation.
Wigner considered measurement of the X-component of spin of a spin-1
2
par-
ticle when the Z-component of the angular momentum of system and apparatus
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is conserved. He showed that the exact Von-Neumann measurement
|+〉|φ〉 7→U |+〉|φ+〉
|−〉|φ〉 7→U |−〉|φ−〉, (4.1)
is impossible, where |±〉 are the eigenvectors of X-component of spin of the system
and 〈φ+|φ−〉 = 0. This can be easily seen by adding and subtracting the two
equations above which gives us
|0〉|φ〉 7→ |0〉|φ0〉+ |1〉|φ1〉
|1〉|φ〉 7→ |0〉|φ1〉+ |1〉|φ0〉 (4.2)
where |φ0〉 = |φ+〉+ |φ−〉 and |φ1〉 = |φ+〉 − |φ−〉. If we calculate the expectation
value of total angular momentum of the both sides of (4.2), i.e. 〈Sz + Lz〉, its
value differs by one on the left hand side but it has the same value on the right
hand side. Therefore the conservation law is violated. Then he considered the
case where sometimes the experimenter does not get a conclusive measurement
result, in other words he cannot perfectly distinguish between the states |+〉 and
|−〉
|+〉|φ〉 7→U cos ε|+〉|φ+〉+ sin ε|−〉|η〉
|−〉|φ〉 7→U cos ε|−〉|φ−〉 − sin ε|+〉|η〉. (4.3)
where again |φ±〉 and |η〉 are orthogonal states and the state |η〉 corresponds to
an inconclusive outcome. By bounding the size of apparatus via bounding the
number of terms in the expansion of apparatus initial state in terms of the con-
served quantity eigenbasis, i.e. eigenvectors of Lz, he showed that the probability
of getting the inconclusive result decreases by increasing the number of terms in
apparatus initial state expansion, i.e. sin ε = O(1/N).
When encoutering Wigner’s argument one immediate objection arises: How does
one prepare an initial state |φ〉 containing superpositions of eigenstates of the
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conserved quantity? Hasn’t the “trouble” just been shifted? In fact Wigner cites
his (then in preparation) paper [93] on superselection rules with Wightman and
Wick as being the motivation for the current paper in the following paragraph:
Nevertheless [ |φ〉 ] will need to have a very large number of com-
ponents, hence the measuring apparatus a very large amount of the
conserved quantity, if one wants to have a high level of confidence
that the interaction between the measured object and the measur-
ing apparatus leads to a measurement. In particular, if one wants
to measure the phase difference between parts of the state function
that correspond to different total charges [93] the electrical charge of
the measuring apparatus must be largely indeterminate — if such a
measurement is at all possible.
It seems Wigner viewed electrical charge as different from angular momentum
(this also seems to come through from his response to the Aharanov-Susskind
[78] paper). From a QRF perspective there is no essential difference between this
scenario involving angular momentum and ones involving electrical charge, atom
number, photon number, energy or other conserved quantities. In fact there is no
difference (other than practical) between the process of creating superpositions of
quantities for which there is a conservation law and those of quantities for which
there is not, or, for that matter, for quantities conjugate to those for which there is
a conservation law. The idea is that all superpositions (and in particular the well
defined relative phase whereby such states differ from a mixture) are prepared
relative to a reference frame, itself a physical apparatus. The complete state of
this apparatus and the other systems involved may remain in (possibly classical
mixtures of) eigenstates of the conserved quantity. However, given a suitable
reference system, if one ‘dequantises’ the description by refactorising the Hilbert
space into relational and global degrees of freedom, followed by tracing out the
global degrees of freedom, the remaining description is readily seen to conform
to standard quantum superpositions i.e. superpositions over eigenstates of the
conserved quantity with different eigenvalues. That such a procedure is possible
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for any conservation law associated with a symmetry generated via a compact
Lie group can be found in Section IV of [9] which also contains some simple
examples. We gave the example of U(1) group in the context of quantum reference
frames. Sections (4.2) to (4.5.3) are primarily review and overview, although
certain calculations are original in order to facilitate discussion of original work
that comprises sections (4.5.3) to (4.7).
4.2 Yanase’s Condition
Wigner merely considered the possibility of shifting the problem of measuring
an observable which doesn’t commute with a global conserved quantity to the
apparatus level. In [94] Yanase for the first time looked at the situation where
he considered the pointer observable to commute with the conserved quantity,
in other words the case where there is no limitation due to WAY-theorem on
measurement of the pointer observable. This condition, namely commutativity of
pointer observable and the conserved quantity is known as the Yanase condition
in WAY community. He found a lower bound for probability of unsuccessful
measurement as  ≥ 1
8M2
, where M2 is the mean square of the additive conserved
quantity on the apparatus part which represents the size of apparatus. In order
to find this bound he assumed that the probability of unsuccessful result is very
small and the size of apparatus is very large. These assumptions let him consider
the continuous variable limit for the conserved quantity. Ghirardi et. al. [95]
found the same limit for rotationally invariant unitaries where they did not make
the continuous variable approximation. This lower bound was later tightened by
Ozawa [39] through an application of his generalized uncertainty relation [38].
He found that the root mean square noise (LS) in the measurement of LS is
lower-bounded as
2(LS) ≥ |〈[LS, NS]〉|
2
4σ(NS)2 + 4σ(NA)2
, (4.4)
where (LS)
2 = 〈N(LS)2〉 for the noise operator N(LS) = V †(I ⊗ZA)V −LS⊗I,
and σ(X) denotes the variance of an observable X in the initial state of the
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composite system. From this inequality is again clear that exact measurement of
LS, i.e. (LS) = 0, is only possible when [LS, NS] = 0. We will explain Ozawa’s
inequality further in the next section.
In order to emphasize the importance of Yanase’s condition, we give Ohira and
Pearle’s example [96]. They show that perfect non-disturbing measurement of an
observable that does not commute with an additive conserved quantity is possible,
but as we will explain Yanase’s condition is violated in their example. A perfect
measurement is one in which post-measurement apparatus states are completely
distinguishable, i.e. for every eigenstate |i〉 of the measured observable on the
system we have
U |i〉|A〉 = |i′〉|Ai〉, (4.5)
where 〈Ai|Aj〉 = δij and 〈i|j〉. Now if for every state |i〉 in (4.5) we have |i′〉 = |i〉,
then the measurement is a perfect non-disturbing measurement. Suppose we use
a spin-1
2
particle as apparatus to measure z-component of spin of another spin-1
2
particle. Consider the interaction Hamiltonian H = (SS + SA).(SS + SA), where
SS and SA are spin operators of the system and apparatus respectively. Then for
|ψ0〉A = |+〉 = 1√2(|0〉+ |1〉) as initial apparatus state and t = pi2 interaction time
we have
|0〉S|+〉A 7→U |+〉S|0〉A
|1〉S|+〉A 7→U |−〉S|1〉A. (4.6)
the issue of the measurability of a non-commuting observable can simply be
shifted from the system to the apparatus, for example through a swap unitary,
and the central problem has merely been postponed Ohira and Pearle gave this
example to show that it is possible to precisely measure an observable that doesn’t
commute with a conserved quantity and that it is possible regardless of the size of
the apparatus. The problem with this example is that the experimenter, in order
to read out the result of the measurement, needs to measure the Z-component of
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the spin of the apparatus SAz. Now on one hand the X-component of total spin
of the composite system is an additive conserved quantity, i.e. [SSx+SAx, H] = 0,
and in on the other hand the Z-component of the spin of the apparatus does not
commute with the conserved quantity, i.e. [SAz, SSx + SAx] 6= 0, therefore we
are facing the problem of measuring an operator that does not commute with the
conserved quantity at the apparatus level. In other words the issue of the measur-
ability of a non-commuting observable has simply been shifted from the system
to the apparatus, through a swap unitary, and the central problem has merely
been postponed. Also we note that the system’s state is completely disturbed
after measurement which means that the measurement is not repeatable.
4.3 Ozawa’s inequality
In this section first we present the proof of a theorem for four arbitrary operators
two of which commute [97]. Using this theorem, we will show how Ozawa finds
a Hiesenberg-type inequality for the limitation due to presence of an additive
conserved quantity.
4.3.1. Theorem. For any four observables A,B,C and D, given that [C,D] = 0,
we have
(A)(B) + (A)∆(B) + (B)∆(A) (4.7)
≥ ∆(NA)∆(NB) + ∆(NA)∆(B) + ∆(A)∆(NB) (4.8)
≥ ∆(NA)∆(NB) + 1
2
|〈[NA, B]〉|+ 1
2
|〈[NB, A]〉 (4.9)
≥ 1
2
|〈[A,B]〉| (4.10)
for any state ρ that leaves the terms above finite, where NA = C−A, NB = D−B,
(A) = Tr[N2Aρ]
1/2 and (B) = Tr[N2Bρ]
1/2. Also ∆ stands for standard deviation
in state ρ.
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Proof. Using the definitions NA = C − A and NB = D − B and the fact that
[C,D] = 0, one can easily check that the relation
[NA, NB] + [NA, B] + [A,NB] = −[A,B] (4.11)
holds for the noise operators NA and NB. Applying the triangular inequality, i.e.
|x+ y| ≤ |x|+ |y|, to the relation above we get
|〈[NA, NB]〉|+ |〈[NA, B]〉|+ |〈[A,NB]〉| = −|〈[A,B]〉| (4.12)
Now using Robertson inequality, i.e. ∆A∆B ≥ 1
2
|〈[A,B]〉|, we have
∆NA∆NB ≥ 1
2
|〈[NA, NB]〉|
∆A∆NB ≥ 1
2
|〈[A,NB]〉|
∆NA∆B ≥ 1
2
|〈[NA, B]〉|, (4.13)
also note that the mean square of an operator is always greater than its standard
deviation, i.e. (X) ≥ ∆NX . Using all the relations above one can easily see that
the inequalities (4.7) hold. 2
The next step is to show how Ozawa relates the accuracy by which one can
measure an operator in the WAY-scenario and the Hiesenberg uncertainty relation
proved above [98]. Let’s suppose we want to measure an observable LS on a system
in an arbitrary state |ψ〉 that lives in the Hilbert space HS, i.e. |ψ〉 ∈ HS. To
this end we let it interact via unitary interaction V from time t to t + δt with
another quantum system, i.e. apparatus A, that lives in Hilbert space HA. If
the apparatus is initially in the state |φ〉 then the initial state of the composite
system S +A is |ψ〉 ⊗ |φ〉. At time t+ δt, straight after the interaction is turned
off, we measure an observable ZA on the apparatus and we record the result of the
measurement. In the Heisenberg picture if the system and apparatus operators
before the interaction are LiS = LS⊗I and ZiA = I⊗ZA, then after the interaction
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they evolve to LfS = V
†(LS ⊗ I)V and ZfA = V †(I ⊗ ZA)V . Now the noise in
measuring LS on the system (LS) is defined as the root-mean-square deviation
of the operator measured on the apparatus after the interaction with system, ZfA,
and the physical property of the system that we originally were interested in, LiS,
i.e.
(LS) = 〈(ZfA − LiS)2〉1/2. (4.14)
A measurement of an observable LS using an apparatus is called precise if and
only if (LS) = 0. On the other hand the disturbance on observable ZA caused
by the unitary interaction V is defined by
η(ZA) = 〈(ZˆAf − ZˆAi)2〉1/2. (4.15)
If for any initial state |ψ〉 of the system, we have η(B) = 0, where B is a physical
quantity of the apparatus, then the probability distribution of the observable B
will not change after the unitary evolution. Also if the probability distribution
of the observable B before and after the measurement process are equal for any
initial state, then we can conclude that the measurement process does not disturb
the observable B. Motivated by these explanations, one can define noise and
disturbance operators as,
N(LS) = L
i
S − ZfA
D(B) = Bf −Bi. (4.16)
For instance consider the case where the unitary interaction between system and
apparatus is a SWAP operator, then for the noise operator we have N(LS) =
LS⊗I−V †SWAP (I⊗ZA)VSWAP = LS⊗I−ZA⊗I. Therefore if LS = ZA then the
noise operator vanishes. In the previous section, we gave an example of the case
where the interaction between two spin-1/2 particles is a SWAP operator. As
explained here the noise operator vanishes such a case and therefore one might
naively think that there is no WAY-type limitation in such a setting and exact
measurement of LS seems to be possible, but as we explained the WAY-type
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limitation is still present at the apparatus level.
Ozawa made the connection between the conservation law and the uncertainty
relation. If we consider an additive conservation law of some quantity Ntot =
NS ⊗ I + I ⊗ NA over the composite system, then since the unitary evolution
responsible for the interaction between the system and apparatus has to leave
this quantity undisturbed, we have Ntot(t) = Ntot(t + τ). Now in the inequality
(4.7) if we choose A = Ntot(t), C = Ntot(t + τ), B = L
i
S and D = Z
f
A, then
since we also have the Yanase condition in force, i.e. [Ntot(t + τ), Z
f
A] = 0 and
N(Ntot) = Ntot(t+ τ)−Ntot(t) = 0, we get
(LS)∆(Ntot) ≥ 1
2
|〈[NS, LiS]〉|, (4.17)
where ∆(Ntot)
2 = Tr[ρN2tot] − (Tr[ρNtot])2 and  = Tr[ρN(LS)2]1/2. If we rewrite
the above inequality in the form
2(LS) ≥ |〈[LS, NS]〉|
2
4[∆(NA)]2 + 4[∆(NS)]2
, (4.18)
we see that the precise measurement of A, which is the observable being measured
on the system, is only possible if and only if [LS, NS] = 0. This inequality
provides us with a tighter lower bound on probability of getting inconclusive
result in the WAY-scenario. Ozawa specifically derives the lower bound 1
4+16|α|2
for when one uses a coherent state as the apparatus. Later on in this chapter
we explain the relation between Von Neumann-Lu¨ders measurements, quantum
state discrimination and U(1) resource theory, which enables us to investigate
how close can one get to Ozawa’s bound using the apparatus as an asymmetric
resource.
4.4 Extended WAY-theorem
In previous sections we explained Wigner’s example and also we introduced the
Yanase condition. In this section we want to represent the WAY theorem as it
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has been studied and proven recently. The WAY theorem has recently received
renewed attention by Loveridge and Busch, who have extended the WAY theorem
to continuous variable scenarios such as the joint measurement of position and
momentum [99] and have also shown that both repeatability and the Yanase
condition must be violated if one is to perform a perfect measurement of LS
[100]. The net result of all these works is the following form of the WAY theorem
4.4.1. Theorem. (WAY). Let M(HA, ZA, |ϕ0〉, V ) be a von Neumann-Lu¨ders
measurement for an observable LS on S with eigenstates {|ei〉}, with pointer ob-
servable ZA on A with eigenstates {|zi〉}. Let NS and NA be bounded observ-
ables on Hilbert spaces HS and HA, respectively, such that the unitary V obeys
[V,NS ⊗ I + I ⊗ NA] = 0. If M is repeatable or satisfies the Yanase condition,
[ZA, NA] = 0, then [LS, NS] = 0.
The aim of the rest of this chapter is to provide an information-theoretic
framework that gives a natural and powerful arena in which to analyse arbitrary
measurements in the presence of a conservation law. This arena allows us to
determine the ultimate constraints on measurements of a given observable un-
der various criteria, to identify the role of prior information in a measurement,
to provide an analysis of measurement apparatuses through a subdivision into
asymmetry content and charge content, and to describe the role that these two
features play in any approximate measurement scenario.
4.5 Resource theory of asymmetry, Quantum
state discrimination and WAY theorem
4.5.1 Relation between additive conservation laws and U(1)
resource asymmetry
As noted in chapter (2), the constraint of a conservation law is a strictly stronger
one than the asymmetry constraint of its associated group. For example, en-
ergy conserving operations can only transform states within each individual en-
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ergy sector, while its associated U(1) resource theory (defined by time evolution
U(t) = exp(−itH)) would include U(1)-covariant transformations that increase
or decrease the total energy. Indeed reversible energy conserving transformations
correspond to U(1)-invariant unitaries V for which [U(t), V ] = 0 for all t.
One might expect that the units of energy (or conserved ‘charge’) available
for use within a bounded apparatus might play a role in addition to any issue
of asymmetry. For example, any addition of units of the conserved quantity in
the apparatus allows a greater range of transformations through energy conserv-
ing couplings between the system and the apparatus. This physical intuition is
made more concrete by considering Stinespring dilations of the allowed quantum
operations under the U(1)-constraint. In its Schro¨dinger form for G-covariant
operations it states that [51]
4.5.1. Theorem. Given a G-covariant trace-preserving, completely positive map
E : B(H) → B(H), there exist a dilating system K carrying a representation of
G, a G-invariant unitary V on H ⊗ K, and a G-invariant state |ϕ〉 in K such
that E(ρ) = TrK[V (ρ ⊗ |ϕ〉ϕ|)V †]. Moreover, if E =
∑
i Ei for G-covariant CP
maps {Ei}, then there exist positive operators {Fi} on K such that
∑
i Fi = I and
[UK(g), Fi] = 0, with Ei(ρ) = TrK[(I ⊗ Fi)V (ρ⊗ |ϕ〉〈ϕ|)V †].
Applied to the G = U(1) case, we conclude that the set of unitary dynamics
on a composite system of S and K that respect the additive conservation law
NS⊗I+I⊗NK (such as in the WAY-theorem scenario) together with the ability
to introduce eigenstates of NK coincides with the set of U(1)-covariant quantum
operations allowed on the system S, in which quantum coherence in the eigenba-
sis of the conserved quantity Ntot constitutes a resource. If the spectrum of NK is
unbounded then the particular eigenstate |ϕ〉 used is largely a matter of choice.
Therefore by allowing ancillas “for free” as long as they have no asymme-
try we extend the set of operations we can do from only G-covariant opera-
tions to G-invariant unitaries. Let us give a very simple example for the case
of G = U(1) to make this point a bit more clear. As we explained in chapter
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(2) the transformation from Hilbert space H of the state |ψ〉 = 1√
2
(|0〉 + |1〉)
to the state |ϕ〉 = 1√
2
(|1〉 + |2〉), which also belongs to Hilbert space H, is not
possible via U(1)-invariant unitaries if we limit ourselves to the Hilbert space H.
Whereas this transformation is possible for instance by using the U(1)-covariant
map E(|n〉〈m|) = |n+ 1〉〈m+ 1|.
4.5.2 Equivalence of von Neumann-Lu¨ders measurements
and quantum state discrimination
The WAY theorem can now be cast within the framework of asymmetric re-
sources. We consider the situation of some additively conserved quantity Ntot
over two systems S and A, and demand that any unitary dynamics V respect the
conservation law in that [V,Ntot]. We consider some arbitrary observable LS for
the system S and attempt to construct a unitary model for its measurement. We
know from the previous section that the conservation law scenario is equivalent
to that of a U(1)-asymmetry constraint on S alone and view the apparatus A as
the dilating system of any covariant map on S, in which any covariant operation
gives rise, via a Stinespring dilation, to conserving unitary dynamics coupling the
system to the apparatus A = K prepared in an eigenstate of NA followed by a
measurement of an observable ZA that commutes with NA. We can thus focus
solely on the system S and restrict to covariant maps F , safe in the knowledge
that they can be obtained from some conserving unitary V .
We denote the spectral decomposition of LS as LS =
∑
k lk|ek〉〈ek|, and for
simplicity consider a non-degenerate spectrum. In the absence of any constraints,
a projective measurement of LS is described by the trace-preserving operation
M = ∑kMk, withMk(ρ) = |ek〉〈ek|ρ|ek〉〈ek| for all k. Our task in the presence
of constraints is then to obtain U(1)-covariant superoperators {Fk} such that the
POVM {Fk} is as close as possible to {Mk}, where “close” must now be given
some operational meaning.
To define some measure of performance, we may recast the goal of perform-
ing a measurement of L in more information-theoretic terms as the encoding of
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classical information in the eigenbasis of LS, where the classical information is
encoded in the label of the eigenstate, k 7→ |ek〉〈ek|. A state diagonal in this
eigenbasis is prepared, and given by ρ =
∑
i pi|ei〉〈ei|, where {pi} describes the
distribution of the classical source. In the absence of any constraints, a faith-
ful readout of the signal is always possible through the application of any M,
for which (I) Mi(|ek〉〈ek|) = 0 for i 6= k and (II)
∑
i Tr[Mi[ρ]] = 1 for any ρ.
However in the presence of the conservation law, it may be that the ideal M is
not a covariant operation, and so the best we can achieve under the constraints
is some approximate discrimination of the eigenstates of LS which will fail to
satisfy both (I) and (II). Two natural approximate discrimination protocols are
unambiguous discrimination (UD) and maximum likelihood estimation (MLE),
with each corresponding to the weakening of one of the two central conditions of
perfect state discrimination.
For unambiguous discrimination, we still demand that Fi(ρk) = 0 for i 6= k,
but now allow the possibility that
∑
iFi is a trace-decreasing POVM map. The
interpretation of the first condition is that in obtaining outcome i of the POVM
we are certain that ρi must have been prepared - we have discriminated unam-
biguously - while the second condition of allowing trace-decreasing
∑
iFi means
that sometimes the protocol may fail entirely and we learn nothing about the
state. The full quantum operation must conserve probability, and so is described
by a total trace-preserving operation F = ∑iFi + F∗ for which Fi(ρk) = 0 for
i 6= k, and Tr[F∗(ρ)] being the probability of failure. The goal of UD is to mini-
mize this probability, or equivalently to maximize the probability
∑
i pi Tr[Fi(ρi)]
of successfully identifying the prepared state.
Maximum likelihood estimation decides instead to place the short-fall on the
first condition. In other words, we enforce that
∑
iFi is trace-preserving, but
now allow the possibility of approximate discrimination Fi(ρk) ≈ 0 for i 6= k.
The goal of MLE is to maximize the probability
∑
i pi Tr[Fi(ρi)] of successfully
identifying the prepared state.
In the unconstrained setting and when pi > 0 for all i, the projective mea-
surement M in the eigenbasis of LS is singled out as the optimal measurement
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proceedure to distinguish the states in the ensemble {pi, |ei〉〈ei|} perfectly. How-
ever this perspective allows us to do more if we wish, and account for prior
information as to what state the system was prepared in initially. For exam-
ple, one might be limited in the particular operations that he/she can perform,
but knowing that the system was prepared with support only in some subspace
means that a faithful measurement of LS may yet be possible though a quantum
operation distinct from M.
In the U(1)-constrained scenario associated to the conservation of NS, the
measurement of LS becomes the task of optimally discriminating its eigenstates
using only U(1)-covariant POVM maps F = {Fi}. For the case of unambigu-
ous discrimination this amounts to minimizing Tr[F∗[ρ]] for ρ =
∑
k pkρk =∑D
k=1
1
D
|ek〉〈ek|, where for simplicity we do not assume any prior information
as to what eigenstate is being prepared.
4.5.3 Proof of the WAY theorem
All the necessary pieces are now in place. A unitary model for a measurement of
the observable LS in the presence of an additive conservation law Ntot = NS +NA
defines a constrained discrimination protocol of orthogonal states within a U(1)-
asymmetry theory, and conversely any such constrained discrimination protocol
defines a unitary model of some measurement in the presence of a conservation
law. Whether such a unitary model is possible, or to what degree an approximate
model exists, is then determined by the theory of quantum state discrimination
under the constraint of covariance.
At the simplest level within a G-asymmetry scenario, a distinction is drawn
between symmetric states and asymmetric states; between covariant superoper-
ators and non-covariant superoperators. However, given an asymmetric state ρ
one can always obtain a symmetric state ρ¯ from it through an averaging over the
group ρ → ρ¯ = ∫ dg U(g)ρU †(g), called G-twirling, and in the same way, given
some non-covariant operator E one can obtain a G-covariant map through the
super-operator G-twirling E → E¯ := ∫ dg U(g) ◦ E ◦ U †(g). Both these maps are
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idempotent and are the projectors onto the set of symmetric states and the set of
G-covariant maps respectively. Consequently, the minimization of Tr[F∗(ρ)] over
the set of U(1)-covariant quantum operations is equivalent to the minimization
of Tr[F¯∗(ρ)] with {Fi,F∗} taken over the full set of quantum operations. How-
ever Tr[F¯∗(ρ)] = Tr[F∗(ρ¯)], and in a similar way the discrimination condition (I)
can be written Fi(ρ¯k) = 0 for i 6= k. In other words, we can reformulate our
optimization task to that of an unconstrained unambiguous discrimination of the
G-twirled ensemble {pi, ρ¯i}.
The implications of this are immediate. A unitary model for the measurement
of LS exists if and only if we can discriminate {ρ¯i} perfectly. This is true if and
only if {ρ¯i} have orthogonal supports. Assuming that {ρi} has support on a full
eigenbasis of LS, if any of the states in the G-twirled ensemble have rank larger
than one, then they must overlap with at least one other state in the ensemble
and so a perfect von Neumann-Lu¨ders measurement is impossible. Thus, such a
measurement will exist if and only if all G-twirled states are rank one, in which
case we have that
∫
dg U(g)|ek〉〈ek|U †(g) = |ϕk〉〈ϕk|. However pure states are the
extremal points of state space and so |ϕk〉〈ϕk| = |ek〉〈ek| = U(g)|ek〉〈ek|U †(g) for
all g, and so LS must commute with NS, which completes the proof of the WAY
theorem from then asymmetry resource theory perspective.
4.5.4 Optimal von Neumann-Lu¨ders measurement of non-
commuting observables
The previous analysis identifies when a perfect von Neumann-Lu¨ders measure-
ment of an observable LS can occur in the presence of the conservation law,
however the formulation allows us to go beyond simply achieving the projec-
tive measurement {Mi}. We immediately see that the optimal approximate
measurement that respects the conservation law will correspond to the optimal
discrimination protocol for the G-twirled ensemble {pk, ρ¯k}. In section (4.6) we
provide explicit examples of such optimal protocols, but before that we describe
two ways in which the constraint of a conservation law on the measurement of a
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non-commuting observable can be overcome.
The possession of prior information
It turns out that perfect measurement of a non-commuting LS may well be possi-
ble in the presence of prior information. If our prior information is such that some
pi are zero then it may occur that the G-twirled states are all mutually orthogo-
nal, despite being mixed states. For this situation a perfect measurement of the
observable LS is possible, despite LS not commuting with the conserved quantity.
Phrased another way, in the presence of a conservation law each observable LS
has a ‘blurring’ scale corresponding to the number of eigenstates of NS in the
expansion of the eigenstates of LS. The blurring extreme occurs for observables
with eigenstates being fully unbiased with respect to those of NS, and so G-twirl
to maximally mixed states. Prior information for states with coherence in the
basis |ek〉 can be handled equally well since the presence of the U(1) constraint
implies that the coherent prior information should be decohered in the eigenbasis
of LS.
The possession of asymmetry resource states
When LS does not commute with the conserved quantity its G-twirled eigenstates
will overlap and only an approximate state discrimination is possible, whether
under UD or MLE. Indeed for the extreme case that all its eigenstates G-twirl to
the maximally mixed state we find that no discrimination, and hence no perfect
von Neumann-Lu¨ders measurement, is possible at all. However such scenarios
are not as final as they might first appear. The key idea is that while we are
constrained to performing only certain types of operations it might be that we are
initially in possession of valuable resource states, whose presence enable otherwise
impossible transformations.
The possession of an additional system R in an asymmetric state |Ψ〉 allows
us to better encode the eigenstates of the observable LS in preparation for the
discrimination protocol. Specifically, defining |g〉 := U(g)|Ψ〉, we can define a
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sequence of quantum operations
|ek〉 → |Ψ〉 ⊗ |ek〉 →
∫
dg |g〉〈g| ⊗ U(g)|ek〉〈ek|U †(g), (4.19)
which is no longer the maximally mixed state. The non-trivial transformation of
the state |Ψ〉 under the group provides a quantum reference frame, which allows
the (partial) encoding of the state |ek〉 into the relational degrees of freedom of
the composite G-invariant state [11]. From the perspective of the von Neumann-
Lu¨ders measurement, the asymmetry resource system constitutes a distinct part
of the measuring apparatus, and so we in general have that A = R ⊗ K, where
K accounts solely for the sharp units of conserved charge required within A.
4.6 Explicit examples
We can now illustrate the preceeding ideas with the explicit example of obtaining
a probabilistic von Neumann-Lu¨ders model that describes the measurement of
an observable LS of a two-dimensional quantum system, with eignstates |e+〉 =
1/
√
2(|0〉 + |1〉) and |e−〉 = 1/
√
2(|0〉 − |1〉) while still respecting a conservation
law of the observable NS =
∑
n≥0 n|n〉〈n| = |1〉〈1|. This scenario describes, for
example, the situation of a spin-1/2 particle with angular momentum conserved
only along the Z-direction, or the situation of a photon number state in quantum
optics. It is readily seen that the action of the group transformation U(θ) =
exp(iθN) G-twirls both |e+〉 and |e−〉 to the maximally mixed state 12(|0〉〈0| +
|1〉〈1|). Hence, in the absence of any resource state it is impossible to even
approximately perform a von Neumann-Lu¨ders measurement of the observable
LS. What about if we have in our possession some resource asymmetry? For
simplicity we consider having a uniform superposition of number states |Ψ〉 =
1√
M+1
(|0〉+· · ·+|M〉), which under the conditions discussed earlier, is a maximally
asymmetric state for a resource system R, of dimension M + 1.
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Figure 4.1: Quantum circuit for a von Neumann-Lu¨ders measurement of the
observable LS.
We find that the states |Ψ〉 ⊗ |e±〉 G-twirl to the mixed states
ρ¯± = σ +
1
M + 1
M∑
n=1
|φ±n 〉〈φ±n | (4.20)
where we have σ = 1
2(M+1)
(|0, 0〉〈0, 0|+ |M, 1〉〈M, 1|), while the remaining eigen-
states are given by |φ±n 〉 = 1√2(|n, 0〉 ± |n − 1, 1〉) for n between 1 and M . The
states ρ± have overlapping support only on the space span(|0, 0〉, |M, 1〉), whereas
they are orthogonal on the rest of the space. As M increases the two states ap-
proach orthogonality, and hence become perfectly distinguishable. Thus, in the
limit of an infinite reference frame system (M →∞) perfect measurement of the
observable LS becomes possible.
4.6.1 Optimal discrimination of the twirled ensemble
The states in the G-twirled ensemble {p±, ρ¯±} will always be block diagonal ma-
trices in the conserved quantity basis. The full Hilbert space for the primary
system and resource system splits up into the eigensectors of NS as H =
⊕
nHn
with Πn being the projector onto sector Hn, and n running from zero to M + 1.
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This decomposition simplifies the analysis for obtaining the optimal UD measure-
ment, since it turns out [101] that if {F (n)k } is the optimal POVM for the UD
of the projected ensemble {pkΠnρ¯kΠn} then F = {Fk} with Fk =
∑
nF (n)k is an
optimal POVM for the original ensemble {pk, ρ¯k}.
Since the projection of the states ρ¯± into the subspaces with total number
n = 1, 2, ...,M are orthogonal we have that perfect discrimination is possible
in each sector Hn simply through the projective measurement onto the basis
{|φ+n 〉, |φ−n 〉}. In contrast, the two states ρ¯+ and ρ¯− are identical when projected
onto the one-dimensional sectors H0 and HM+1, and so all measurements fail to
provide any information.
We deduce that the optimal POVM measurement for the twirled ensemble
{p±, ρ¯±} is given by {F+,F−,F∗} where F± are projection maps given by the
rank M projectors
∑M
n=1 |φ±n 〉〈φ±n |, while F∗ is the rank 2 projection onto the
‘bad’ sectors H0 and HM+1, which occurs with probability 1M+1 .
By the covariant Stinespring theorem, we know that this optimally discrimi-
nating POVM can be dilated to a unitary model in which
F±,∗(ρ) = TrK[(I ⊗ F±,∗)V (ρ⊗ |ϕ〉〈ϕ|)V †] (4.21)
for some unitary V respecting the conservation law, some state |ϕ〉 invariant under
the group action and POVM elements F±,∗ on K, also invariant under the group
action. The elements F±,∗ correspond to the eigenstates of the pointer observable
ZA, and by construction automatically obey the Yanase condition.
It turns out that the measurement may be cast as an easily understood quan-
tum circuit, in which the dilating system K constitutes three ‘register’ qubits,
initialized in the state |001〉. A von Neumann-Lu¨ders measurement would re-
quire that the states |±〉S ⊗ |Ψ〉R ⊗ |001〉1,2,3 evolve so that the eigenstate of
the system is recorded in the computational basis of the register qubits, and can
be read out by a measurement that respects the conservation constraint. The
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unitary over the composite system
V = (|0, 0〉〈0, 0|+ |M, 1〉〈M, 1|)⊗ I123 +
M∑
n=1
|φ−n 〉〈φ−n | ⊗ SWAP2,3 +
M∑
n=1
|φ+n 〉〈φ+n | ⊗ SWAP1,3, (4.22)
and is represented as a quantum circuit in figure (4.1). The three register qubits
simply correspond to “+”, “-” and “inconclusive”. The projective measurement
on the joint system is coupled to swap operations that shift the location of the “1”
in the register conditional on the outcome of the measurement. If the result of UD
is “+” it swaps register 2 and 3, if the result is “-” it swaps register 1 and 3 and if
the result is inconclusive it does nothing to the register qubits. By inspection, the
unitary model corresponds to the optimal unambiguous discrimination protocol
in the presence of the maximally asymmetric resource state |Ψ〉 forR and requires
only a single unit of the conserved charge in the initial state of K. This is optimal
on the deterministic branch of |Ψ〉, as discussed either, and it can be shown that
nothing is gained if we deviate off this branch, and so the performance is the
optimal for such a scenario.
We might wonder if another discrimination criterion might be better satis-
fied by the above setup. For maximum likelihood estimation the analysis pro-
ceeds in a straightforward manner, and it turns out that the optimal POVM
is achieved through the projective measurement {P+ =
∑M
n= |φ+n 〉〈φ+n |, P− =
I −∑Mn=1 |φ+n 〉〈φ+n |}, which as a unitary circuit has the form
V = P+ ⊗ I12 + P− ⊗ SWAP1,2. (4.23)
The probability of success is M
M+1
, which is identical to the case of unambiguous
discrimination. While |Ψ〉 is a maximally asymmetric state for our system, and so
is optimal on its deterministic branch, the issue of its optimality overall is more
subtle and is discussed in the next section where surprisingly we find that for the
MLE criterion it is not the optimal state over the full Hilbert space.
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4.6.2 Non-trivial discrimination process in the presence
of a coherent resource state
In this section we give an example where the apparatus is of bounded-size, but
the number of terms in its expansion is not bounded from above. Due to its
practical importance we use a coherent state as our apparatus instead of a uniform
superposition of number states. We compare the rate of increase of the probability
of success in discriminating the two G-twirled states using maximum likelihood
estimation (MLE) and unambiguous discrimination (UD).
Unambiguous Discrimination
We again consider the measurement of the observable LS with eigenstates |+〉
and |−〉, as in the previous section, but consider an asymmetry state of greater
experimental relevance than the uniform superposition state |Ψ〉. Specifically,
we use for our asymmetry resource system some infinite dimensional system R,
prepared in the zero phase coherent state |α〉 = e−α22 ∑∞n=0 αn√n! |n〉, for which the
states in the G-twirled ensemble are given by
ρ¯± =
1
2
e−α
2/2|0, 0〉〈0, 0|+
∑
n≥1
λn|φ±n 〉〈φ±n |. (4.24)
We now have that the eigenstates of the G-twirled state in each sector are given
by
|φ±n 〉 =
α√
α2 + n
|n, 0〉 ±
√
n
α2 + n
|n− 1, 1〉, (4.25)
with probability in the mixture given by λn =
e−α
2
α2(n−1)
(n−1)!
(
1 + α
2
n
)
.
Again the two density operators are block diagonal in the eigenbasis ofNtot and
so our task again reduces to optimal discrimination within each sector, however
this time the projected states are no longer orthogonal to each other. Within the
97
sector Hn we have
ρ¯±,n =
1
1 + α
2
n
 α2n ± α√n
± α√
n
1
 , (4.26)
each occurring with projection probability
Tr[Πnρ¯±] =
1
2
e−α
2
(
α2n
n!
+
α2n−2
(n− 1)!
)
. (4.27)
First we need to calculate the maximum probability of success in getting
the conclusive result when trying to unambiguously discriminate the two pro-
jected states (4.26). These states have one dimensional kernels for which the
problem of optimal UD admits a tidy solution [32, 102]. In order to satisfy the
earlier condition (I), the discriminating POVM elements must be of the form
{a|χ+n 〉〈χ+n |, b|χ−n 〉〈χ−n |, I − a|χ+n 〉〈χ+n | − b|χ−n 〉〈χ−n |}, where |χ±n 〉〈χ±n | are the pro-
jectors onto the kernels of ρ∓n , and so the only variation parameters in the problem
are the weights a and b.
The optimal values of a and b are functions solely of the overlap probability
of the two states |χ±n 〉 and the prior probabilities for the ensemble elements.
For our particular state the optimal POVM occurs for aopt = bopt = 2α
2
α2+n
which results in the maximum probability of success as
∑
k
pk,n Tr[F+(ρ¯k,n)] =
 2nn+α2 , n ≤ α2;2α2
n+α2
, n > α2.
(4.28)
Summing over all sectors we find that the optimal success probability to unam-
biguously discriminate the two states using the coherent state as the asymmetry
resource is given by
PUD = 1− e−N¯ N¯
N¯+1
N¯ !(1 + N¯)
, (4.29)
where N¯ = 〈N〉 is the expectation value of N for the coherent state. In the large
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Figure 4.2: Probability of success as a function of 〈N〉 with Ozawa’s upper bound
given as a dashed line.
N¯ limit, Stirling’s approximation gives us that PUD ' 1− 1√2piN¯ .
Maximum Likelihood Estimation
We may alternatively, follow a maximum likelihood estimation route in which we
compute the optimal discrimination, by once again restricting to the individual
sectors. The probability of success in each sector Hn is PMLE,n = 12 Tr[ρ¯+nΠ+,n] +
1
2
Tr[ρ¯−nΠ−,n], where Π+,n and Π−,n are the POVM elements which we take to be
projections and for simplicity we have taken p+ = p− = 12 . This can be re-written
as PMLE,n =
1
2
+ 1
2
Tr[(ρ¯+n − ρ¯−n )Π+,n], which can be seen to take its maximum value
PMLE,n =
1
2
+
( √
nN¯
n+ N¯
)
, (4.30)
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when Π+,n =
1
2
 1 1
1 1
. Note that for a fixed value of N¯ this probability
increases from the value 1
2
at n = 0 to unit probability at n = N¯ (if N¯ ∈ N),
before decreasing once more to 1
2
as n→∞. Summing over the sectors, we find
that the optimal probability for MLE on the G-twirled ensemble is
PMLE =
e−N¯
4
1 + ∞∑
n=1
N¯n−1
(n− 1)!
(
1 +
√
N¯
n
)2 . (4.31)
As can be seen from figure (4.3), a bounded, infinite dimensional coherent state
performs better than a finite uniform superposition state when we use the MLE
as our criterion to discriminate between the states in the ensemble.
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Optimality occurring off the deterministic branch of |Ψ〉
We have found that under the criterion of MLE discrimination it is possible to
perform a probabilistic von-Neumann-Lu¨ders measurement with success proba-
bility M
M+1
for the uniform superposition state |Ψ〉, and with larger probability
given by (4.31) in the case of a bounded coherent state. Any comparision be-
tween the coherent state and the state |Ψ〉 can rightly be questioned, given that
the former is for an unbounded system and the dwindling amounts of asymmetry
on its higher sectors HM+1,HM+2, · · · , might be contributing enough to make the
comparision unfair.
However the same cannot be said for states within the stochastic branch of
|Ψ〉. As discussed, the state |Ψ〉 must be optimal on its deterministic branch,
but it turns out that under the criterion of MLE it is not in fact the optimal
state. In other words there exists a non-uniform state |Φopt〉 which has a higher
probability of success, but where the stochastic conversion |Ψ〉 −→ |Φopt〉 occurs
with a sufficiently low probability that we are heavily penalised if we begin initially
with the state |Ψ〉.
Maximum likelihood estimation was previously considered in the context of
quantum phase reference frames [19], where a pure state quantum reference frame
is used to distinguish between two states |+〉 and |−〉, as above. The analysis re-
vealed that the optimal phase reference frame for a bounded system of dimension
M + 1 is given by
|Φopt〉 = C
M∑
n=0
sin
[
(n+ 1)pi
M + 2
]
|n〉, (4.32)
with the normalization constant C is given by C−2 = 1
4
(1 + 2M − cscx sin[(2M +
1)x]) + sin2[(M + 1)x], and where x = pi
M+2
. This state provides us the globally
optimal MLE success probability of
PMLE =
C2
2
cos2
x
2
[
M + 2 cosx+ sin2 x
]
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which, up to the order 1/M2 is given by PMLE ≈ 1 − pi24(M+2)2 ≈ 1 − pi
2
16(N¯+1)2
.
In figure (4.3), we find that |Φopt〉 does substantially better than |Ψ〉 and even
outdoes the unbounded coherent state when used for MLE.
4.7 Discussion
The WAY theorem, and related work, put fundamental limitations on the possible
physical processes that quantum mechanics allows in the presence of a conserva-
tion law. Here we have reformulated this fundamental topic in terms of recent
concepts coming from quantum information theory. In doing so, we have formu-
lated a unified way of handling various scenarios that shed light on the origin of
the fundamental constraints, provided a rigorous account of how optimal limits
may be obtained under different criteria, and connected with the extensive liter-
ature on the theory of quantum state discrimination. We have also shown that
any measuring apparatus A naturally subdivides into a resource carrying compo-
nent R, and a readout component K, that initially carries some sharp amount of
conserved charge. The theory of resource asymmetry then provides us with the
correct ordering of the set of all measuring apparatuses and also provides consis-
tent measures for the accounting of internal resources. We have illustrated the
subtleties that can arise, with the most asymmetric states not necessarily being
optimal states for a given protocol.
Within this viewpoint, the Yanase condition can now seen to be a statement
that any readout measurement must fall within the resource theory constraints,
and measurements that do not obey this condition would imply some hidden
asymmetry being smuggled into the accounting. The issue of repeatability can
also be simply understood within the quantum circuit example in section 4.6. If
in addition to the resource state |Ψ〉 we also have another resource state |ψcopy〉 =
1
2
(|0〉+ |1〉) then we can simply adapt our quantum circuit so that the conditional
swap gate also swaps in a fresh copy of |e+〉 to S in the event of a “+” outcome,
and in the event of a “-” outcome performs a pi-phase shift on |ψcopy〉 and now
swaps in a fresh copy of |e−〉 to S. This ensures that in the event of a successful
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discrimination that the system S is kept in its original eigenstate, however this
does not provide perfect repeatability, since with some non-zero probability the
discrimination stage will fail and so cannot algorithmically restore the system to
its original state.
One might take foundational issue with the very existence of asymmetry re-
sources in Nature, arguing that the full state of the universe must be symmetric
under a particular symmetry group, and so worry that this forbids the types of
measurement proceedures discussed in this paper. This turns out to not be an
issue since it is perfectly possible that the global state is symmetric, yet con-
tains relational asymmetry, where the reduced state on subsystems transforms
non-trivially under the group action. This has previously been explored in the
literature under the heading of protected (virtual) subsystems, both in the the-
ory of quantum reference frames [65, 9], and the theory of robust, fault-tolerant
protection for quantum information [103].
Another subtle issue is whether there exist superpositions of certain physical
states that are fundamentally excluded due to superselection rules, such as for
charge [78]. However, from the quantum reference frame perspective there is no
essential difference between such an axiomatic prohibition of charge superposition
and the statement that coherent superpositions for BECs are hard to prepare
[76]. All superpositions are prepared and defined relative to a particular reference
frame, itself being a physical system, and any superselection rule can be taken as
the empirical statement that we lack an appropriate reference frame state.
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Chapter 5
Asymmetry and
conditional probability interpretation of
time in quantum mechanics
5.1 Introduction
Time is different from any other physical quantity of a system, e.g. momentum,
energy and position, as it is not a dynamical quantity. In fact when we refer to
measuring time in practice we are actually measuring a dynamical quantity of a
system. For instance when we want to measure time using a clock what we end
up measuring is really the position of the hand of the clock, which is a dynamical
variable.
Since the early years of the advent of quantum theory there has been consid-
erable debate on the validity of energy-time uncertainty relation which is directly
related to the different interpretations of time in quantum mechanics. As we
know time appears as a parameter in the Schro¨dinger equation and is measured
by an external clock, which is not dynamically connected to the objects under
study in the experiment. There have been some attempts to formulate time as
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a hermitian observable. One example is the so called time of arrival operators,
however an obstacle in this point of view is Pauli’s theorem [104], according to
which the existence of a self-adjoint operator T for a Hamiltonian with bounded
spectrum from below has been precluded. Pauli’s reasoning is that if we assume
that there can be a time operator then it can be considered as the generator of a
unitary group which makes translations in the energy spectrum, ie.,
eiαT/~He−iαT/~ = H + αI for all α ∈ R (5.1)
which is called the covariance relation. This relation entails that the spectrum
of H is R which would imply an energy instability of the system. Now if we
assume that the covariance relation holds then the generator T will be canonically
conjugate to the Hamiltonian, i.e.
[H,T] = iI, (5.2)
as a consequence of which we get,
4ρT4ρH ≥ ~
2
. (5.3)
A related issue is that there is a superselection rule for energy just in the same
way that there is one for charge. The existence of energy superselection rule en-
tails that just those observables that commute with the Hamiltonian are physical
observables. The problem with this point of view is that these observables will be
stationary, so how do we investigate the system dynamics? Page and Wootters
have argued this point using a different notion of time that we are interested in
which is called the intrinsic time, in which the temporal behavior of the system
is determined in terms of the relative changes in physical properties of the sub-
systems, constituting the system under study.
The Hamiltonian constraint does not cause any problems in the classical
canonical theory and it is merely an initial value constraint. In quantum mechan-
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ics when canonical quantization of gravitational field is considered the Hamil-
tonian constraint is obtained as the so called Wheeler-DeWitt equation, i.e.
H|ψ〉 = 0, which causes the wave function of a closed system to be independent
of “t” [105]. This is sometimes known as “frozen dynamics”. The conditional
probability interpretation of time in quantum mechanics uses the relative degrees
of freedom in a composite system to still be able to keep track of time even though
there is no dynamics with respect to time variable “t”. In this chapter first we
review two proposed ways of describing the dynamics of a system with respect to
another quantum system, i.e. the quantum clock. Then we elucidate the connec-
tion between conditional probability interpretation of quantum mechanics and
the resource theory of asymmetry. We explain how the decoherence caused by
considering parameter time t as an inaccessible quantity can be formulated in
this resource theory, where degree of asymmetry in the initial state of the quan-
tum clock dictates the accuracy of the quantum clock readings. Sections (5.2)
to (5.4.4) are primarily review and overview, although certain calculations are
original in order to facilitate discussion of original work that comprises sections
(5.4.4) to (5.4.5).
5.2 One-time conditional probability
Let’s begin with considering a situation in Schro¨dinger quantum mechanics where
we have two systems 1 and 2. We let the composite system evolve for time t1 under
the unitary evolution U = e−iHt, where H is the Hamiltonian of the composite
system. Assuming that the system was in the state ρ0 initially, after time t1 it
will evolve to the state ρt1 = e
−iHt1ρ0eiHt1 . Now if we measure operator B on
system 2 at time t1, the state of the system transforms to
ρ1 =
PB=bρt1PB=b
Tr[PB=bρt1 ]
=
PB=b(t1)ρ0PB=b(t1)
Tr[PB=b(t1)ρ0]
, (5.4)
where PB=b = I⊗PB=b = I⊗|b〉〈b| is the projector into subspace with eigenvalue
b. Now we let the system evolve till time t2 when we measure operator PA=a =
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PA=a ⊗ I = |a〉〈a| ⊗ I on the composite system again, then the probability of
getting measurement result B = b at time “t2” conditioned on the result “a” was
found for measurement of “A” at time “t2” is given by
Pr(A = a|B = b) = Tr[PB=b(t2)ρ1] = Tr[PA=a(t2)PB=b(t1)ρ0PB=b(t1)]
Tr[PB=b(t1)ρ0]
. (5.5)
In this section we review two different situations in which the system is stationary
with respect to parameter time “t”, but one can introduce a different notion of
time, i.e. intrinsic time, to see that the system under study is in fact evolving in
relative observables. We discuss the case in which parameter time t is considered
to be inaccessible and the case where the physical space is a subspace of the total
Hilbert space with a constant energy E.
In 1983 Page and Wootters [18] argued that since time appears as a parameter
in Schro¨dinger equation, it is an inaccessible variable and one should average over
this variable, in other words we coarse-grain a state ρ as
G(ρ) = lim
τ→∞
1
2τ
∫ τ
−τ
e−iHtρeiHt. (5.6)
Note that the time-averaged density matrix G(ρ) commutes with the Hamiltonian
and therefore is invariant under time transformations.
The second case is the case of relativistic quantum mechanics where only the
states that satisfy the Wheeler-DeWitt equation [106], i.e. H|ψ〉 = 0, are consid-
ered as physical states. The physical Hilbert space is a subspace of the Hilbert
space normally considered in non-relativistic quantum mechanics. We call the
original Hilbert space and its physical subspace respectively, Haux and Hph. The
mapping Π0 : Haux 7→ Hph,
Π0|ψ〉 = lim
τ→∞
(
1
2τ
)∫ τ
−τ
e−iH0t|ψ〉, (5.7)
simply maps any state to the total-energy zero subspace. If we change the Hamil-
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tonian H0 to H = H0 − E, then the map looks like
ΠE|ψ〉 = lim
τ→∞
(
1
2τ
)∫ τ
−τ
e−iHt|ψ〉, (5.8)
where the state is projected into subspace with total-energy E, where the final
projected states Π0|ψ〉 and ΠE|ψ〉 are un-normalized.
In both cases one can use the timeless extension of the conditional probabil-
ity (5.5) to illustrate the temporal behavior of the system with respect to the
quantum clock. The probability that Page and Wootters used is of the form
Pr[A whenB] =
Tr[(A⊗B)∗ρ∗]
Tr[A∗ρ∗]
=
Tr[(A⊗B)ρ∗]
Tr[Aρ∗]
=
Tr[(A⊗B)∗ρ]
Tr[A∗ρ]
, (5.9)
where for the “*” operation is the g-twirling operator as defined in (5.6). This
probability is useful to answer questions like: What is the probability of getting
measurement result “a” for measuring operator A on the system when the result of
measuring operator B on the clock is “b”?. Note that even though this probability
is an extension of the conditional probability (5.5) but it does not have any time
order in it and the two observables A and B are measured at the same time.
This point will become clear when we give a few simple examples in the following
sections.
At this point it is worth mentioning that since (A⊗B)∗ 6= (A⊗ I)∗(I⊗B)∗, then
the conditional probability
Pr(A|B) = Tr[(A⊗ I)
∗(I ⊗B)∗ρ∗(I ⊗B)∗]
Tr[(I ⊗B)∗ρ∗(I ⊗B)∗] , (5.10)
is different from (5.9).
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5.3 Inaccessible parameter time
In this section we give examples of the case where the parameter time t is consid-
ered to be an external parameter and therefore it should not play any dynamical
role. Instead time is measured with respect to a physical system which is part of a
closed system consisting of the system under study and the clock. The dynamics
of the system is studied by looking at conditional probabilities of the form (5.9),
which are conditioned on the value of the internal clock variable. Let us begin by
giving a very simple example.
5.3.1 Page and Wootters Example: Two spin systems
Page and Wootters [18] gave a simple example to illustrate how one can use
conditional probabilities to describe the evolution of the system in the situation
where parameter time t is considered as an inaccessible parameter. They consider
a system composed of two spin-j systems, where one of the spin-j systems acts as
a clock for keeping track of the dynamics of the other. The Hilbert space is of the
form Hc⊗Hs, where c refers to the clock and s refers to the system. We consider
the initial state of the two particles to be in the product state in which each
particle has its maximum amount of angular momentum along the X-direction
at t = 0, i.e.
|ψ〉 = |ψc〉 ⊗ |ψs〉
= 2−2j
j∑
mc,ms=−j
 2j
j +mc
 12  2j
j +ms
 12 |j,mc〉 ⊗ |j,ms〉, (5.11)
where Jix(t = 0)|ψi(t = 0)〉 = j|ψi(t = 0)〉, i = c, s. Suppose the evolution of
the composite system is given by the Hamiltonian H = Hc + Hs = ωJcz + ωJsz,
i.e. the two spins are rotating around the Z-axis and they do not interact with
each other. Note that in the Page and Wootters scheme the state of a system is
stationary with respect to the parameter time ‘t”. For instance in this example
even though the expectation value of the operators Jix ± iJiy is t-dependent, i.e.
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Figure 5.1: Pr(Jsx = j when Jcx = j) as a function of j.
〈ψ|Jix±iJiy|ψ〉 = je±iωt, but after averaging over “t”, due to the inaccessability of
“t”, this expectation value vanishes. On the other hand we should be able to study
the evolution of system s with respect to another physical system, i.e. a quantum
clock c. In this example we are interested in the dependence of the precessing
orientation of the system on the clock reading and we only ask questions like “
What value Jsx has when particle c reads 12 O’Clock, by which we mean that the
result of measuring Jcx is j?”. To this end, we use the projection operators
Pj = |Jcx = j〉〈Jcx = j| ⊗ Is
Pj,j−k = |Jcx = j〉〈Jcx = j| ⊗ |Jsx = j − k〉〈Jsx = j − k|, (5.12)
in order to calculate the conditional probabilities of the form (5.9). Note that the
rank of Pj and Pj,j−k is 2j + 1 and 1 respectively. From now on we work in the
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Heisenberg picture unless otherwise stated. If we substitute G(Pj), G(Pj,j−k) and
(5.11) into relation (5.9), we get
Pr(Jsx = j − k when Jcx = j)
= 2−4j
 4j
2j
−1 8j
4j
 8j
2k
−1 2j
k
 4j
k
 , (5.13)
which is the probability of X-component of the spin of our system being j − k
when the X-component of the spin of the clock is j. In particular if we look at the
probability of the system having its maximum amount of spin in the X-direction
when the clock also has its maximum amount of spin in the X-direction, we get
Pr(Jsx = j when Jcx = j) = 2
−4j (8j − 1)!!
[(4j − 1)!!]2 , (5.14)
where n!! =
∏
0≤n<n(n−2i). This probability goes to 1√2 as j approaches infinity,
as can be seen in figure (5.1). When the clock points along the X-direction
the most probable state for the second particle is also to point at the same
direction because of the initial state of their composite system, but as we in-
crease j the number possible m values (−j ≤ m ≤ −j) increases as well, so
P (Jsx = j when Jcx = j) decreases as a result (see figure 5.1).
The case we are interested in is when the particles have different spins and
where the system with smaller spin is the system under study and the other sys-
tem is our physical clock. These scenarios are similar to the scenarios that we
considered at in Chapter 3, where we had a semi-classical reference frame against
which we could measure the system.
Let’s suppose our closed system is composed of a spin-j particle and a spin-1/2
particle that both initially point along the X-axis. We have plotted the condi-
tional probability of finding Jsx|ψ〉 = 1/2|ψ〉 when Jcx|ψ〉 = j|ψ〉 in figure (5.2).
As can be seen from this figure, the conditional probability approaches 1 as we
increase the size of the clock, i.e. as j → ∞. This is exactly what we expect to
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Figure 5.2: Conditional probability of a spin half particle having its maximum
value of spin along the x-direction when the quantum clock , i.e. a spin-j particle,
has its maximum value of spin along the same direction, given that they are
precessing around z-axis with the same frequency and they both point along
x-direction initially.
happen in a classical limit, namely in classical physics if two particles rotate with
the same angular frequency around the same axis and they have started from the
same direction in space, then they will always point in the same direction with
certainty, but in a quantum mechanical treatment the only thing that we can say
is that the most probable event is the one where they both point along the same
direction.
The next natural step is to compare the dynamics of the spin-1/2 particle
with respect to parameter “t” with its evolution when described with quantum
clock c using conditional probabilities. Let us first look at dynamics of a spin-1/2
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Figure 5.3: The change in the expectation value of Z-component of the spin of
the spin-1/2 particle in terms of quantum clock reading for different cock sizes,
i.e. j = 3, 10, is compared to the change due to Schro¨dinger evolution.
particle which evolves with the Hamiltonian H = ~ωSz in Schro¨dinger quantum
mechanics. Suppose that the spin-1/2 particle points along the X-axis initially,
i.e. |ψs〉 = 1√2(|12〉+ | − 12〉), then we have 〈Sx〉 = 12 cosωt.
In the conditional probability case, one can consider the conditional probability
Pr(Jsx = 1/2 − k when Jθcx = j), where Jθcx = e−iωJczθJcxeiωJczθ 1. Then the
conditional expectation value for a spin-1/2 particle is
E(Jsx when J
θ
cx = j) =
1∑
k=0
P (Jsx = 1/2− k when Jθcx = j)(1/2− k). (5.15)
In figure (5.3) we have plotted E(JsxwhenJ
θ
cx = j) for different values of j. As you
1In section (5.4) we will explain in details why we measure this particular choice of observable
on the clock.
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can see as we increase the size of the quantum clock, the dynamics in terms of the
clock reading gets closer to the Schro¨dinger dynamics in terms of parameter “t”.
Therefore by studying a very similar example to Page and Wootters example we
observe that Schro¨dinger evolution can be derived from conditional probabilities
if the size of the quantum clock is large enough.
5.3.2 Gambini-Porto-Pullin formulation of CPI
In this section we are mainly following the lines of reasoning given in [15, 107,
108]. There the authors formulate the Page and Wootters formalism, explained
in the previous section, in a more general framework. They use the conditional
probability to look at the evolution of the system, together with the g-twirling
super-operator to average over parameter time t. Again their justification for this
averaging is also the fact that any relational description of a quantum system has
to be independent of any external variable t. Here we consider the system and
the quantum clock not to interact with each other so that the Hamiltonian of
the composite system is of the form H = Hc + Hs. Also the initial state of
the composite system is a product state, i.e. |ψin〉 = |ψc〉 ⊗ |ψs〉. Let’s assume
the quantum variable T is a physical quantity of the quantum clock that is being
measured to study the evolution of the system with respect to the quantum clock,
i.e. T is the quantum clock reading. Now if we use the g-twirling operation (5.6)
as the “*” operation in (5.10), we get
P (A when T ) = lim
τ→∞
∫ τ
−τ dtTr[(PA(t)⊗ PT (t))ρ]∫ τ
−τ dtTr[(I ⊗ PT (t))ρ]
, (5.16)
where PX(t) = e
−iHitPX(0)eiHit, PX(0) = |X〉〈X|, i = c, s, and ρ = |ψin〉〈ψin|.
One can write the relation above in terms of the projection operators into the
total energy E subspaces, ΠE, as
P (A when T ) =
∑∞
E=0 Tr[(PA ⊗ PT )(ΠEρΠE)]∑∞
E=0 Tr[PT (ΠEρΠE)]
. (5.17)
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As we will see later in this chapter writing the conditional probability in terms
of projection operators ΠE can sometimes make calculations easier.
Quality of the Clock
Since there is no interaction term in the Hamiltonian, the unitary evolution can
be written as a cross product of two unitaries on the system and the clock, i.e.
U(t) = Uc(t)⊗ Us(t). Substituting this in (5.16) we get
P (A when T ) = lim
τ→∞
∫ τ
−τ dtTr[U
†
c (t)PT (0)Uc(t)ρc] Tr[U
†
s (t)PA(0)Us(t)ρs]∫ τ
−τ dtTr[U
†
c (t)PT (0)Uc(t)ρc]
. (5.18)
Defining the probability density that the quantum clock reading T coincides with
the parameter t as
Pt(T ) =
Tr[U †c (t)PT (0)Uc(t)ρc]∫∞
−∞ dtTr[U
†
c (t)PT (0)Uc(t)ρc]
, (5.19)
where
∫∞
−∞ dtPt(T ) = 1 holds, allows us to write the evolution of the system in
terms of T as
ρs(T ) =
∫ ∞
∞
Us(t)ρsU
†
s (t)Pt(T )dt, (5.20)
which shows that if T coincides with t perfectly, i.e. Pt(T ) = δ(t − T ), then
the system evolves in the same manner as ordinary quantum mechanics but in
terms of quantum clock T , i.e. ρs(T ) = Us(T )ρsU
†
s (T ). This is when we have a
perfect quantum clock, since it gives us exactly the same dynamics as an external
clock. We will see that this is only possible when we let the size of the clock go to
infinity. Later on in this chapter we phrase conditional probability interpretation
of time as a quantum communication protocol and we explain this point in further
details.
Milburn-Poulin example: Two simple harmonic oscillators
In this section we look at a simple example of two non-interacting simple harmonic
oscillators given by Milburn and Poulin [109]. The Hilbert space of the closed
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system is Hc ⊗ Hs, where Hc is the Hilbert space of the clock and Hs is the
Hilbert space of the system. Therefore the Hamiltonian of the composite system
is H = ωca
†
cac + ωsa
†
sas. The energy eigenbasis of our system are of the form
|m〉 ⊗ |n〉 with eigenvalues E = mωc + nωs. Suppose the initial state of the
system and clock is of the general form |ψin〉 =
∑
ns,nc
αnc,ns |nc〉 ⊗ |ns〉. For
simplicity in our later calculations, we introduce M = E
ωc
= nc + Nns, where
N = ωs
ωc
, so that N is the ratio of the frequencies and M is the total energy in
units of ωc. Then we can relabel the energy eigenbasis as |M −Nns〉 ⊗ |ns〉 and
the total-energy eigenstates will be of the form,
|M ;N〉 =
g−1∑
ns=0
cns|M −Nns〉 ⊗ |ns〉, (5.21)
where g = bM
N
c+ 1 is the degeneracy level. Also the projections into total-energy
E = Mωc subspace and the g-twirling super-operator (5.6) can be written as
ΠM =
g−1∑
ns=0
|M −Nns, ns〉〈ns,M −Nns|. (5.22)
The g-twirled state can be written as G(|ψin〉〈ψin|) =
∑
M pM |M ;N〉〈M ;N |,
where pM = 〈ψin|ΠM |ψin〉 =
∑g−1
ns=0
|αM−Nns|2 is the probability of being pro-
jected into subspace with total energy E = Mωc. On the other hand since the en-
ergy eigenstates (5.21) are normalized, we have 〈N ;M |M ;N〉 = ∑g−1ns=0 |cns|2 = 1.
Therefore for the relation between coefficients cns in (5.21) and the coefficients
αM−Nns,ns we get cns =
αM−Nns,ns√
pM
, which shows that the state of energy eigen-
states |M ;N〉 depends on initial state system and the quantum clock.
We use the optimal phase measurements for estimating the phase of a simple
harmonic oscillator, i.e. the POVM’s Eˆ(θ) = |θ〉〈θ|, where |θ〉 = ∑∞n=0 e−inθ|n〉
are the so called phase states [110]. The authors of [109] have considered the
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highly entangled energy eigenstates of the form
|M ;N〉 = 1√
g
g−1∑
ns=0
|M −Nns〉|ns〉. (5.23)
For such a state, the conditional probability (5.10) is
P (θs when θc) =
Tr[Eˆc(θc)⊗ Eˆs(θs)|M ;N〉〈M ;N |]
Tr[Eˆc(θc)⊗ Iˆ|M ;N〉〈M ;N |]
=
1
g
∣∣∣∣1− eig(Nθc−θs)1− ei(Nθc−θs)
∣∣∣∣2.(5.24)
Note that P (θc) = 1, because the states |M ;N〉 are maximally entangled states
and Eˆ1(θ1) is a POVM. In the limit that g goes to infinity, the conditional prob-
ability (5.24) is highly peaked around the values Nθc − θs = 2pik, where k is an
integer. This means that when the quantum clock reading is θc, the probability
of getting measurement result θs is highly picked at the value Nθc modulo 2pi.
It is worth pointing out at this point that P (θs, θc) is a function of two variables
θc and θs, therefore ∫ 2pi
0
∫ 2pi
0
P (θs, θc)
dθc
2pi
dθs
2pi
= 1, (5.25)
whereas P (θs when θc) is just a function of θs obeying∫ 2pi
0
P (θs when θc)
dθs
2pi
= 1. (5.26)
We can calculate the expectation value of θs given the quantum clock reading
θc as
E(θs when θc) =
∫ 2pi
0
θsP (θs when θc)
dθs
2pi
. (5.27)
In figure (5.4) we have plotted the expectation value of θs conditioned on the
quantum clock reading θc. This figure shows that for large enough g, the phase
of the harmonic oscillator s changes as θs ≈ Nθc = ωs(θc/ωc) = ωsT , which is
exactly what is expected at the classical limit.
As mentioned earlier the state of the energy eigenstates (5.21) depends on the
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Figure 5.4: E(θs when θc) vs. θc for g = 900 and N = 3.
initial state of the system and quantum clock. Usually the task is to find the
optimal quantum clock for keeping track of dynamics of a particular system. In
this example since the quantum clock reading is the phase of the quantum clock
θc then the large variance in photon number is desirable, i.e. ∆n
2
c = 〈ψc|N2c |ψc〉−
(〈ψc|N2c |ψc〉)2. In the next section we choose a particular initial state for the
composite system to illustrate this point further.
Coherent states as initial states of the clock and the system
In previous section we reviewed the example of two simple harmonic oscillators,
where one was acting as a clock for the other one and we considered the projected
states into subspaces with total energy E = Mωc to be maximally entangled
across the two modes. In this section we assume that the initial state of the
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Figure 5.5: Comparing the one-time CP with different values of M against the
transition probability for two coherent states.
system and the clock is a product state of two coherent states
|ψ〉cs = |α〉c ⊗ |β〉s = e
−(rc2+rs2)
2
∞∑
nc,ns=0
rc
ncrs
ns
√
nc!ns!
|nc, ns〉, (5.28)
where rc = |α| and rs = |β|. Also for simplicity we have chosen the initial phase
of the two coherent states to be zero. In this example the probability of the
system having phase θs when the phase of the clock is given by θc is
P (θs when θc) =
∑∞
M=0 Tr[ΠM(E(θc)⊗ E(θs))ΠMρ]∑∞
M=0 PM
, (5.29)
where PM = Tr[ΠM |α, β〉〈β, α|] =
(
r2Mc
e(r
2
c+r
2
s)
)∑bM
N
c
m=0
( rs
rNc
)2m
(M−Nm)!m! is the probability of
the system plus clock being projected into the energy E = Mωc subspace. Since
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∑∞
M=0 PM = 1, the relation (5.29) can be written as
P (θs when θc) = e
−(r2c+r2s)
∞∑
M=0
r2c
∣∣∣∣∣∣
bM
N
c∑
m=0
( rs
rNc
)m√
(M −Nm)!m!e
−im(Nθc−θs)
∣∣∣∣∣∣
2
. (5.30)
In figure (5.5) we have plotted P (θs when θc) for two coherent states against
transition probability, P (θs), for different sizes of our quantum clock, i.e. for
different values the clock’s mean photon n¯c = rc
2. The transition probability
P (θs) = |〈θs|Us(θc)|ψs〉|2 is just the overlap between the system’s evolved state
after time duration T = θc/ωc and the phase state |θs〉. From figure (5.5) we
see that as n¯c increases the probability P (θs when θc) gets closer to P (θs) and
in the limit n¯c 7→ ∞ the Schro¨dinger dynamics is recovered again. Also for the
probability that the internal time T matches the parameter time t we get
Pt(θc) =
Trc[E(θc)e
−iHct|α〉〈α|eiHct]∫∞
∞ Trc[E(θc)e
−iHct|α〉〈α|eiHct] =
∣∣∣∣∣
∞∑
n=0
rnc√
n!
ein(ωct−θc)
∣∣∣∣∣
2
. (5.31)
For very large values of rc, we have Pt(θc) = δ(t − θcωc ). Therefore as the mean
photon number in the coherent state of the clock increases the probability of
t coinciding with the quantum clock gets more and more peaked and again in
the limit n¯c 7→ ∞ the parameter t and the quantum clock T perfectly coincide.
Therefore as we see even when we choose the initial states of the system and the
quantum clock as two quantum states, i.e. two coherent states, the clock quality
reaches a delta function as we get closer to ordinary quantum mechanics limit.
Later on in this chapter when we explain the connection between conditional
probability interpretation and resource theory of asymmetry, we see that the
crucial point for recovering Schro¨dinger evolution is having access to a quantum
clock which can be used encode more information about the state of the system
under study.
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Misinterpreting the timeless extension of conditional probabilities
Anastopoulos and Hu interpret the numerator of (5.16) as the sum of joint prob-
abilities of O and T for all the values of t [111]. They argue that this is not right,
since these probabilities are not exclusive one can’t just sum up these probabilities
but one should instead consider the probabilities of the histories. Gambini, et.
al. in their paper [45] respond to this criticism in the following way. The experi-
mental setup they consider for the situations where time is inaccessible is to have
an ensemble of noninteracting systems where one is interested in measuring two
quantum variables O and T at the same instant. To this end one has to provide
each system with a device that measures O and T at a random time t. If we do
this for a large number of identically prepared systems then the number of times
we get the measurement results Tj and Oj, i.e. n(Oj, Tj), divided by the total
number of the systems in the ensemble is the joint probability P (Oj, Tj). In fact
as emphasized in [43], the conditional probability (5.16) is the only thing that we
can expect to measure in the experiments where parameter time t is inaccessible.
5.3.3 Dolby’s formalism for CPI
In this section, we briefly introduce the formalism proposed by Dolby [46] and we
apply it to the example of two non-interacting simple harmonic oscillators in order
to give a conditional probability interpretation of the Hamiltonian constraint due
to Wheeler-DeWitt equation, i.e. H|ψ〉 = 0.
Dolby uses the mapping (5.7) to define physical operators and physical states as,
Aph = ΠEAΠE
|ψ〉ph = ΠE|ψ〉. (5.32)
Suppose that the projection operator PT is the operator that we measure on the
clock. We can find a 1-parameter family of clock projection operators such that,
PT = e
−iHcTP0eiHcT . (5.33)
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To look at the dynamics of a physical observable of the system, we substitute
(5.33) into (5.9) and we can write the conditional probability as
P (A when T ) =
Tr[(PA ⊗ PT )(ΠEρΠE)]
Tr[PT (ΠEρΠE)]
=
Tr[(PA ⊗ P0)eiHcT (ΠEρΠE)e−iHcT ]
Tr[PT (ΠEρΠE)]
=
Tr[(PA ⊗ P0)e−iHsT (ΠEρΠE)e+iHsT ]
Tr[PˆT (ΠEρΠE)]
= Trs[PAe
−iHsTρse+iHsT ]
= Trs[PAρs(T )],
(5.34)
where
ρs ≡ Trc[P0(ΠEρΠE)]
Tr[P0(ΠEρΠE)]
. (5.35)
The second step in (5.34) is due to the fact that [Hc, Hs] = 0. Note that
since ρs(T ) = e
−iHsTρse+iHsT is Schro¨dinger-evolved with respect to clock time
T , which means the conditional probability (5.34) can be interpreted as the prob-
ability of getting measurement result A if we measure the system after time T .
Two simple harmonic oscillators example with coherent states as their
initial state
In this section again we consider the example of two simple harmonic oscillators.
If we choose the observables that are being measured on the clock and the system
to be the phase POVM’s , i.e. Eˆ(θc) and Eˆ(θs), then the corresponding physical
observables due to the mapping (5.32) are
ΠM [Eˆ(θc)⊗ Eˆ(θs)]ΠM =
bM
N
c∑
k,k′=0
ei(Nθc−θs)ke−i(Nθc−θs)k
′ |M −Nk, k〉〈M −Nk′, k′|.
(5.36)
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Figure 5.6: Comparing the one-time CP with different values of M against the
transition probability for two coherent states.
Now if we substitute (5.36) into (5.34), then we find the probability of the system
having the phase θs when the phase of the clock is θc to be
P (θs when θc) =
Tr[ΠM(E(θc)⊗ E(θs))ΠMρ]
Tr[ΠM(E(θc)⊗ Is)ΠMρ]
=
Tr[ΠM(E(θc)⊗ E(θs))ΠMρ]
Tr[ΠMρ]
= C
∣∣∣∣∣∣
bM
N
c∑
m=0
( rs
rNc
)m√
(M −Nm)!m!e
−i(Nθc−θs)m
∣∣∣∣∣∣
2
, (5.37)
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Figure 5.7: Comparing the one-time CP with different values of rc against the
transition probability for two coherent states.
where
C =
bMN c∑
m=0
(r2c )
−Nm(r2s)
m
(M −Nm)!m!
−1 . (5.38)
In ordinary quantum mechanics if the system is initially in the coherent state |β〉,
then the probability of the system having phase θs after time t =
θc
ωc
is P (θs) =∣∣∣〈β|e−iHc θcωc |θs〉∣∣∣2. In figure (5.6) we have plotted P (θs) against P (θs when θc) for
different values of M . As you can see as M reaches the total mean energy in
units of ωc, i.e. n¯c +Nn¯s, the conditional probability gets closer to the standard
quantum transition probability.
In figure (5.7), we have again plotted P (θs when θc) for different values of mean
photon number in the the initial coherent state of the clock, i.e. rc =
√
n¯c. As can
be seen, as we increase the mean photon number in the initial state of the clock,
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P (θs when θc) gets closer to P (θs), therefore in the limit nc 7→ ∞ the Schro¨dinger
dynamics is recovered. Next we discuss how the quality of the quantum clock can
be quantified and how it changes as we increase the size of the quantum clock.
Quality of the Clock
In the relational description of the dynamics of a system described so far in this
section we use a quantum observable as our clock time T , which is subject to
quantum fluctuations and therefore the dynamics of the system is an approxima-
tion of Schro¨dinger dynamics. We saw that by increasing the size of the quantum
clock, the dynamics described using conditional probabilities gets closer to the
dynamics predicted by Schro¨dinger equation. The natural question to ask is how
good is the quantum clock compared to classical external clocks that we normally
use to keep track of evolution of a system. Using the integral form of the pro-
jector into total-energy E , i.e. equation (5.35), we can write the system’s initial
density matrix ρs as
ρs =
|ψeffs 〉〈ψeffs |
〈ψeffs |ψeffs 〉
(5.39)
where
|ψeffs 〉 = lim
t→∞
1
2τ
∫ τ
−τ
eiEtfc(t)e
−iHst|ψs〉dt (5.40)
and
fc(t) = 〈ψc|e−iHct|ψc〉. (5.41)
Note that if fc(t) is highly peaked around t = 0, then the |ψeffs 〉 = |ψs〉 and
consequently ρs(T ) = e
−iHsT |ψs〉〈ψs|eiHsT , which is just the Schro¨dinger-evolved
state of the system with respect to clock time T. Therefore the more highly peaked
fc(t) is at t = 0, the better quantum clock we have. For the case of the coherent
state example we have,
|fc(t)|2 = |〈α|e−iHct|α〉|2 = e−4 sin2(ωct/2)n¯c . (5.42)
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Once again from the equation above it is clear that as we increase the size of our
quantum clock n¯c, the function |fc(t)|2 gets more peaked around the value t = 0
and therefore the quality of our clock improves, which causes the conditional
probability in (5.37) to approach the Schro¨dinger transition probability.
Therefore one can just use projector ΠM¯ in the relation (5.9) instead of the g-
twirl super-operator (5.6) and still get arbitrarily close to Schro¨dinger quantum
mechanics by increasing the size of the quantum clock. In the example of two
coherent states as initial states of the clock and the system when we use the
g-twirl super-operator to average over time “t”, since the probability of being
projected into subspace with total energy E = Mωc is peaked around the value
E¯ = M¯ωc = n¯cωc + n¯sωs and if we increase n¯c gets highly peaked around this
value, it suffices to use the projection operator ΠM¯ instead of the g-twirl super-
operator.
5.4 CPI and its connection to quantum commu-
nication using quantum reference frames
In the previous sections we reviewed two different schemes for the conditional
probability interpretation of time in quantum mechanics, one in which parameter
time “t” as it appears in the Schro¨dinger equation is considered as an unobserv-
able parameter and the other one where there is a Hamiltonian constraint due
to Wheeler-Dewitt equation. There we were mainly looking at probabilities of
events or expectation values of observables, it will be useful to see how the density
matrix of the system evolves when we work in these frameworks. In order to do
so, first we explain a quantum communication protocol developed in [11]. Then
we phrase the conditional probability interpretation of time in quantum mechan-
ics as a quantum communication protocol in a similar fashion. This will help us
explain the connection between the two different schemes explained in sections
(5.3.2) and (5.3.3).
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In most of the quantum information processing protocols it is implicitly sup-
posed that the two parties share a reference frame and one might think that it
is impossible to do these protocols without having access to such a shared refer-
ence frame. It has been widely argued recently that it is still possible to do such
tasks by taking advantage of decoherence-free subsystems. It has been shown
that Alice can make use of decoherence-free subsystems in order to overcome the
decoherence caused by Bob’s lack of knowledge about the relative orientation of
his reference frame and Alice’s reference frame. Lets suppose first that Alice can
only use one optical mode to send information to Bob then she will not be able
to communicate any message to Bob. If Alice can send up to N photons but she
has access only to one mode, i.e. she can only prepare states of the general form
|ψ〉 = ∑n=0 cn|n〉, then the state is described by Bob as the incoherent mixture
G(|ψ〉〈ψ|) = ∑ |cn|2|n〉〈n|. Whereas if she has access for instance to two optical
modes then she can prepare phase shift invariant states such as α|0〉|1〉+ β|1〉|0〉
for which we have G(|ψ〉〈ψ|) = |ψ〉〈ψ|. This is a two dimensional subspace of the
total Hilbert space of composite system which is resilient to decoherence caused by
lack of a shared reference frame. This is an example of a so called decoherence-free
subsystem which are those subsystems that protect quantum information from
decoherence [112, 113, 114, 115, 103, 116].
Let us begin by explaining the quantum communication protocol via bounded
reference frames as explained in [11]. Lets suppose Alice and Bob do not share a
reference frame If Alice wants to send a qubit in a state ρ that she has prepared
relative to her local reference frame, she needs to send a token of her reference
frame to Bob together with the qubit. Since Alice’s reference frame and Bob’s
reference frame are uncorrelated, RF token+qubit decoheres, but Alice can re-
duce this decoherence effect by choosing the optimal reference frame state as a
token of her own reference frame. In the end Bob has to decide on the optimal
recovery process to recover the state ρ of the qubit from the decohered state.
Here we first explain how Bob’s lack of knowledge about Alice’s reference
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frame orientation causes decoherence in the quantum communication protocol
explained above and give an example to explain this scenario in more detail. We
present two different schemes developed in [11] that Bob can use for extracting
information from the g-twirled composite state of the system and reference frame.
5.4.1 Encoding
As mentioned since Alice has prepared the state ρ relative to her own reference
frame and Bob does not have any information about the transformation that
relates his reference frame to Alice’s reference frame, the qubit’s state relative to
Bob’s reference frame is just the state ρ averaged over all the possible collective
unitary transformations between the two frames, i.e.
E(ρ) =
∫
dg[UR(g)⊗ US(g)](|e〉〈e| ⊗ ρ)[US(g)⊗ US(g)]†
=
∫
dg|g〉〈g| ⊗ US(g)ρU †S(g) (5.43)
where |e〉 is the state of Alice’s reference frame token, |g〉 = UR(g)|e〉. There-
fore the encoding map E is from the input space B(HS) to the output space
B(HR⊗HS). It is already obvious from the encoding map (5.43) that the quality
of this encoding depends on the state of the chosen reference frame. We notice
that the optimality of the reference frame system for encoding depends on the
type of discrimination task we are interested in and we need to consider different
figures of merit for different tasks. For instance for maximum likelihood estima-
tion tasks using QRFs, the suitable figure of merit is maximum likelihood density
[117, 9], whereas in the scenario considered in this section the characteristic func-
tion [70, 64] arises as a natural measure of asymmetry.
For an ideal quantum reference frame each of the states {|g〉} belong to different
orientations of quantum reference frame in a way that they are perfectly distin-
guishable, i.e. we have 〈g|g′〉 = δ(g−1g′), where δ(g) is a delta function on group
G. We will see later that if this condition holds then Bob will be able to decode
the information encoded by Alice perfectly.
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5.4.2 Measure and Reorient Decoding Scheme
Now Bob wishes to recover the encoded quantum system ρ. First we consider
the most natural decoding scheme, where Bob measures the orientation of the
reference frame token and reorients the qubit accordingly. This process is done by
the multiple of the adjoint superoperator E responsible for the encoding process.
The Kraus operators of encoding map are the covariant set {Eg = |g〉⊗US(g), g ∈
G}, therefore the covariant set {E†g = 〈g|⊗U †S(g), g ∈ G} are the Kraus operators
of the adjoint operation E†, then the recovery map can be written as
R[ρRS] = DRE† = DR
∫
dg(〈g| ⊗ U †S(g))ρRS(|g〉 ⊗ US(g)). (5.44)
Note that since the adjoint of a quantum operation preserves linearity and com-
plete positivity we just need to make sure that it is trace-preserving so that it is
a valid deterministic quantum operation. To this end DR is introduced in front
of the above integral. Note that implementing this decoding scheme does not
require any entangling operations between RF and qubit. In other words all Bob
needs to do is to measure the orientation of the token RF relative to his refer-
ence frame and then reorient the qubit accordingly. The decoding map DRE† is
exactly the near-optimal reversal superoperator RE,ρ introduced in [118]. Using
the average entanglement fidelity as a figure of merit, they show that the error
when we use RE,ρ as time reversal operation is never greater than twice that of
the best reversal operation.
Therefore the state that Bob recovers is a composition of encoding and decoding
maps explained above, i.e.
R ◦ E [ρ] = R[E [ρ]]
= DR
∫
dg′(〈g′| ⊗ U †S(g′))
[∫
dg|g〉〈g| ⊗ US(g)ρU †S(g)
]
(|g′〉 ⊗ US(g′))
= DR
∫
dg(|〈g|g′〉|2US((g′)−1g))ρU †S((g′)−1g))
= DR
∫
dg(|〈e|g〉|2US(g)ρU †S(g). (5.45)
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Now if the characteristic function χ|e〉(g) = |〈e|U(g)|e〉|2 is equal to the delta
function δ(i), where i ∈ G is the identity element of the group, then decoding
operation can be done perfectly, i.e. R ◦ E(ρ) = ρ. In other words we have an
ideal reference frame using which we can distinguish every single orientation of
the system perfectly.
Phase Reference Frame
As an example consider the case where Alice and Bob do not share a phase ref-
erence frame. Since the collective unitary representation on the Hilbert space
HR ⊗ HS in this case is of the form URS(φ) = ei(NR+NS)φ then the encoding
map can be written in the simple form E(ρ) = ∫ 2pi
0
dφ
2pi
URS(φ)(|e〉〈e| ⊗ ρ)U †RS(φ) =∑
n Πn(|e〉〈e| ⊗ ρ)Πn where Πn is the projector into subspace with total pho-
ton number n. As explained before even though this encoding map destroys
all the coherence between subspaces with different total photon number but
we can still have coherences inside each of these subspaces. These are the so
called decoherence-free subsystems that Alice can use to encode information
in. Lets consider the case where Alice wishes to send Bob a qubit in the state
|ψS〉 = α|0〉 + β|1〉. The optimal phase encoding state in this case is the state
with uniform number distribution i.e.
|ψR〉 = 1√
N + 1
N∑
n=0
|n〉. (5.46)
Therefore the encoded state E(ρ) is
E(ρ) = 1√
N + 1
|α|2|0, 0〉〈0, 0|+ (α|0, 1〉+ β|1, 0〉)(α∗〈0, 1|+ β∗〈1, 0|)
+ (α|2, 0〉+ β|1, 1〉)(α∗〈2, 0|+ β∗〈1, 1|) + ...
+ (α|n, 0〉+ β|n− 1, 1〉)(α∗〈n, 0|+ β∗〈n− 1, 1|) + |β|2|n, 1〉〈n, 1|].
(5.47)
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Note that there is still coherence inside each subspace with total photon number
1 ≤ n ≤ N after encoding the state ρ by Alice via the encoding map E .
We can find the characteristic function for a quantum phase reference frame easily
by just calculating the overlap between the initial state of the reference frame and
its rotated version via unitary representation of U(1) on HR, i.e.
χ|ψR〉(θ) = |〈ψR|UR(θ)|ψR〉|2 =
(
1
N + 1
)
1− cos(N + 1)θ
1− cos θ , (5.48)
then the composition of encoding and decoding map is
R ◦ E(ρ) =
(
1
N + 1
)∫
dθ
2pi
χ|ψR〉(θ)
 |α|2 αβ∗eiθ
α∗βe−iθ |β|2

=
N
N + 1
 |α|2 αβ∗
α∗β |β|2
+ 1
N + 1
 |α|2 0
0 |β|2

=
(
N
N + 1
I +
1
N + 1
G
)
[ρ], (5.49)
where I is the identity map and G is the g-twirling map. Therefore using the
measure and re-orient decoding scheme, Bob can recover the quantum state ρ with
probability of success N
N+1
. In other words the composition of Alice’s encoding
operation and Bob’s decoding operation partially dephases the qubit’s state.
5.4.3 Decoding via Relational subsystems
In this section we explain another decoding scheme using relative degrees of free-
dom of the composite system. The advantage of this recovery scheme to the
“measure and re-orient” scheme is that it is easier to see which process is the
optimal process for Bob to extract the quantum information stored in the state
E(ρ). We explain this decoding scheme by considering the phase reference frame
example considered in the previous scheme.
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Phase Reference Frame
In the case of a phase reference frame the joint Hilbert space HRS can be decom-
posed into irreducible representations asHRS = HR⊗HS =
⊕N
n=0M(n)RS, where we
have suppressed the multiplicity spaces since they are 1-dimensional. Therefore
the encoding map can be written as E(ρ) = ∑Nn=0 E (n)(ρ), where E (n)(ρ) = ΠnρΠn
is of the form
E (n)(ρ) =

|α|2|0, 0〉〈0, 0|, n = 0;
(α|N, 0〉+ β|N − 1, 1〉)(α∗〈0, N〉+ β∗〈1, N − 1|) 1 < n < N + 1;
|β|2|N, 1〉〈1, N |, n = N + 1.
(5.50)
If we choose the decoding operation to be proportional to the adjoint of encoding
operation in each subspace M(n)RS, i.e. R(n) ∝ E (n)
†
, which is exactly the process
of externalizing the phase quantum reference frame as explained previously. The
action of decoding map is simply to map states |n, 0〉 to |0〉 and |n− 1, 1〉 to |1〉.
Therefore in each subspace M(n)RS the composition of the encoding and decoding
map is
R(n) ◦ E (n)[ρ] ∝

|0〉, n = 0;
α|0〉+ β|1〉, 0 < n < N + 1;
|1〉, n = N + 1.
(5.51)
Since the probability of outcomes n = 0, 0 < n < N + 1 and n = N + 1 are
|α|2
N+1
, 1
N+1
and |β|
2
N+1
respectively, then weighting the maps R(n) ◦E (n)[ρ] with these
probabilities we get the same map as we got in the measure and re-orient scheme.
If we choose |α|2 = |β|2 = 1
2
then the probability of success in recovering the state
ρ via relational subsystems can be viewed as the probability of success in unam-
biguously discriminating the two states |±〉 = 1√
2
(|0〉+ |1〉) using an apparatus in
the state |ψ〉 = 1√
N+1
∑N
n=0 |n〉. We considered the latter case in previous chapter
and showed that the success probability in this discrimination protocol is 1− 1
N+1
.
We also argued that this particular choice of state for the apparatus is the optimal
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state when we wish to unambiguously discriminate these two states. Therefore
the recovery process is actually the optimal recovery process. Of course, if we
use maximum likelihood estimation instead of unambiguous discrimination as our
discrimination protocol, then we can get a better average success probability by
choosing the appropriate initial state for the QRF, but this improvement comes
at the of price of sometimes getting the wrong measurement result.
Finally it is worth pointing out that in the measure and re-orient scheme Bob
does not perform any entangling operation, therefore he does not need to have
access to the qubit to recover the quantum information encoded by Alice. This
means if Alice sends an ensemble of encoded states to Bob then Bob can decode
all of quantum states with the same fidelity as the first one.
On the other hand, when Bob uses the relational subsystems scheme to extract
information about the encoded state, he performs a joint operation on system
and apparatus and then he post-selects depending on the measurement outcome.
As we saw using the measure and re-orient scheme Bob could decode with the
same probability of success. This means that having access to partially correlated
classical reference frame is just as good as having access to a quantum reference
frame.
5.4.4 CPI as a quantum communication protocol
In this section we represent the conditional probability interpretation of time in
quantum mechanics as a quantum communication protocol between two parties
who do not share a common classical clock. The scenario considered here is very
similar to the quantum communication scenario explained in the previous section.
We explain how the decoherence effect caused by not having access to parameter
time “t” can be seen as the decoherence caused by one party, i.e. Alice, encoding a
qubit in a composite system of the qubit and a quantum sample of her local clock.
Suppose Alice prepares a quantum system as a quantum sample of her local
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clock together with a system in the initial product state |ψc〉⊗|ψs〉. She then sends
the system together with the quantum sample of her local clock to Bob. Since
Bob does not have any information about how much time t has passed relative
to Alice’s reference frame, he averages over all the possible time durations t,
therefore the state of the composite system with respect to Bob is
E(ρ) = lim
τ→∞
∫ τ
−τ
dtU(t)|ψc〉〈ψc| ⊗ |ψs〉〈ψs|U †(t). (5.52)
We may view the mapping |ψs〉 → E(ρ) as an encoding of eigenstates of the sys-
tem’s Hamiltonian |ns〉 into a composite quantum state E(ρ) with the quality of
encoding depending on the particular state |ψc〉. In our case, the representation
U splits up into U(t) = Uc(t) ⊗ Us(t), therefore if Uc(t)|Ψ〉c〈Ψ|U †c (t) = |Ψ〉c〈Ψ|
for all t then G[|Ψ〉c ⊗ |ns〉] = |Ψ〉c〈Ψ| ⊗ G[|ns〉〈ns|] and so the quantum clock
provides no use in the encoding.
Now suppose that Bob’s local parameter time is “T”, i.e. the evolution of a
system initially in state σ with respect to Bob is of the form σ(T ) = U(T )σU(T )†.
Bob measures the quantum clock against his local clock via the covariant set of
POVMs {|ψc(T )〉〈ψc(T )|dT, 0 ≤ ωT < 2pi} where |ψc(T )〉 = e−iHcT |ψc〉 and then
he traces out the clock. Therefore he transforms the encoded state E(ρ) to the
state
ρ(T ) =
Trc[(|ψc(T )〉〈ψc(T )| ⊗ Is)E(ρ)(|ψc(T )〉〈ψc(T )| ⊗ Is)]
Tr[(|ψc(T )〉〈ψc(T )| ⊗ Is)E(ρ)]
= Us(T )ρ
′
sUs(T )
†, (5.53)
where
ρ′s =
∫ τ
−τ dt|〈ψc|ψc(t)〉|2Us(t)ρsUs(t)†∫ τ
−τ dt|〈ψc|ψc(t)〉|2
. (5.54)
In the case of an ideal quantum clock, i.e. when |〈ψc|ψc(t)〉|2 = δ(0), we get
ρ′s = ρs and consequently the dynamics of the system as described by Bob is ex-
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actly the same as the dynamics of the system as described by Alice which amounts
to no intrinsic decoherence effect due to not having access to an external common
classical clock. On the other hand if the initial quantum clock is an eigenstate
of its Hamiltonian Hc we get |〈ψc|ψc(t)〉|2 = 1 and the state of the system after
tracing out the clock is the completely decohered state ρ′s =
∫ τ
−τ dtU(t)ρsU(t)
†
which is stationary with respect to Bob’s local clock, therefore such an initial
state for quantum sample of Alice’s local clock is not a good choice since Bob will
not be able to use it to study evolution of the system.
Example
Let us give an example to make the above scenario more clear. First we consider
the example in CPI context, specifically the Page and Wootters scheme formulated
by Gambini, Porto and Poullin [45] and explained in section (5.3.2). Suppose
the initial state of the quantum clock and the system under study are |ψc〉 =
1√
N+1
∑N
n=0 |n〉 and |ψs〉 = 1√2(|0〉+|1〉) respectively. Assume that we measure the
phase of the clock using the set of POVMs {Pθc = |ψc(θc)〉〈ψc(θc)|, 0 ≤ θc < 2pi }
and we use the set of POVMs {Pθs = |ψs(θs)〉〈ψs(θs)|, 0 ≤ θs < 2pi } on the system
to measure the phase of the system, where |ψi(θi)〉 = e−iNiθi |ψi〉 for i = s, c. Then
the probability of system having phase θs conditioned on the clock having phase
θc can be calculated by substituting these POVM elements in the equation (5.16)
as
Pr(θs when θc) =
∫ 2pi
0
dtTr[(Pθc(t)⊗ Pθs(t))ρ]∫ 2pi
0
dtTr[(Pθc(t)⊗ I)ρ]
=
∫ 2pi
0
dt
2pi
(
1− cos[(N + 1)(θc − ωct)]
1− cos(θc − ωct)
)
(1 + cos(θs − ωst)).
(5.55)
Let us phrase the example above as a quantum communication scenario between
two parties explained in this section. First of all Alice prepares the initial state
of the quantum sample of her local clock and the system in a product state as
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|ψc〉 ⊗ |ψs〉 = [ 1√N+1
∑N
n=0 |n〉] ⊗ [ 1√2(|0〉 + |1〉)]. She then sends this composite
system to Bob. He does not have any information about the relative transforma-
tion U(t) = eiHt that relates his local clock to Alice’s local clock, consequently
the state of the composite system relative to Bob’s clock is an average over all
the possible transformations as in (5.52). Bob first measures the quantum sample
of Alice’s local clock against his own local clock by measuring the set POVMs
{|ψc(θc)〉〈ψc(θc)|, 0 ≤ θc < 2pi} where |ψc(θc)〉 = e−iNcθc|ψc〉 = e−iHcT |ψc〉. There-
fore when the result of the measurement is T = θc
ωc
the state of the composite
system collapses to the state
ρ′cs =
(|ψc(θc)〉〈ψc(θc)| ⊗ I)E(ρ)(|ψc(θc)〉〈ψc(θc)| ⊗ I)
Tr[(|ψc(θc)〉〈ψc(θc)| ⊗ I)E(ρ)] . (5.56)
Then he traces out the quantum sample of Alice’s clock to find the state of the
system when his local clock reads T = θc
ωc
. The resultant state of system is
ρ(θc) = Trc[ρ
′
cs] =
1
2pi
∫ 2pi
0
dtχψc(θc − ωct)Us(t)|ψs〉〈ψs|U †s (t), (5.57)
where χψc(θc − ωct) = |〈ψc|e−iNc(θc−ωct)|ψc〉|2 = 1N+1
(
1−cos[(N+1)(θc−ωct)]
1−cos(θc−ωct)
)
is the
characteristic function. χψc(θc − ωct) shows how good the quality of encoding is
when Alice uses the state |ψc〉 as a quantum sample of her local clock. In other
words it shows how good Bob’s local clock reading T = θc
ωc
coincides with Alice’s
clock reading t.
Now the probability of the system having phase θs with respect to Bob’s local
clock is
Tr(|ψs(θs)〉〈ψs(θs)|ρ(θc)) =
∫ 2pi
0
dt
2pi
χψc(θc − ωct)(1 + cos(θs − ωst)), (5.58)
which is the same as the conditional probability in (5.55).
Now let us suppose that Bob can recover the exact state of the system ρs =
|ψs〉〈ψs| rather than the decohered state ρ′s, then the probability of finding phase
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Figure 5.8: Comparing Pr(θs when θc) against transition probability Pr(θs) for
different sizes of quantum sample of Alice’s local clock, i.e. N = 2, 5, 9.
θs when his local clock reads T = θc/ωc is given by
Pr(θs) = Tr[|ψs(θs)〉〈ψs(θs)|e−iHsTρeiHsT ] = |〈ψs|e−iNs(ωsθs−
ωs
ωc
θc)|ψs〉|2, (5.59)
which is the ordinary quantum transition probability.
In figure (5.8) we compare the transition probability Pr(θs) against the prob-
ability of Bob finding measurement result θs if he receives a quantum sample of
Alice’s clock together with a qubit given that the measurement result of phase of
the quantum sample against his local clock is θc as calculated in (5.58). In this
figure we see that by increasing the size of the quantum sample sent by Alice,
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the conditional probability derived by extracting information from the composite
system of the qubit and the quantum clock approaches the transition probability
calculated by Bob with respect to his local clock given that he can recover the
state of the qubit exactly. In other words as we increase the size of quantum
clock the quality of encoding increases which suppresses the decoherence effect
due to not having access to a shared ideal (classical) clock between Alice and Bob.
As mentioned before the dimensionality of decoherence-free subspaces is a
crucial factor in quantum communication protocols wherein two parties do not
share a common reference frame. In previous section we gave the example of
a phase reference frame example. There each subspaces Hn for 1 ≤ n ≤ N
was a decoherence-free subspace with dimension 2. The difference between the
above example and the phase reference is that here we have an extra parameter
R = ωs/ωc which specifies the number of decoherence-free subspaces and also
their dimension. For instance consider the case with R = N = 4 in the example
above. Since 0 ≤ ns ≤ 1 and 0 ≤ nc ≤ 4 therefore for the total energy in units of
ωc we have 0 ≤M ≤ max(nc +Rns) = 8, where M = Eωc = nc +Rns. In this case
all the subspaces are of dimension 1 apart from the subspace with M equal to
n¯c +R = n¯s〈ψc|Nc|ψc〉+R〈ψs|Ns|ψs〉 = 4 which is of dimension 2. Therefore the
only useful subspace to encode information in is the subspace with total energy
E¯ = M¯ωc. In the example given here because of the particular choice of initial
states for the system and the clock the probability of being projected into each
subspace, apart from the lowest and highest energy subspaces, is equal to 1
N+1
.
Now if Alice uses a coherent state instead of uniform superposition of number
states as a quantum sample of her local clock, on one hand we can focus on the
subspace of the total Hilbert space with total energy E¯, since the probability
of being projected into the subspace with total energy E is peaked at E = E¯.
On the other hand the dimension of this subspace, which is a decoherence-free
subspace, can be increased by increasing the mean photon number in the state of
the coherent state. This is why in the example of two non-interacting harmonic
oscillators explained in sections (5.3.2) and (5.3.3) to recover Schro¨dinger quan-
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tum mechanics it suffices to just project into subspaces with total energy equal
to E¯ when n¯c →∞.
5.4.5 Discussion and outlook
In this chapter we reviewed two different schemes commonly used in conditional
probability of time in quantum mechanics. Then we provided a quantum commu-
nication protocol between two parties that do not share a common background
reference frame. We saw that Alice can still send quantum information to Bob
by encoding it in decoherence-free subsystems. Then we phrased the conditional
probability interpretation of quantum mechanics as a quantum communication
scenario where Alice prepares a quantum sample of her local reference frame to-
gether with the system which she then sends to Bob. We related the quality of
this encoding to the quality of a quantum clock where the characteristic function
χψc(t) naturally appeared as an operational measure. This operational measure
shows how good is the quantum clock in keeping track of time. In resource theory
of asymmetry this exact measure appears as a measure of asymmetry.
Recently there has been a lot of debate on how to generalize the conditional
probability interpretation of quantum mechanics to conditional probabilities that
connect two different events at two different clock times. This question was first
raised by Karl Kuchar[43] as an objection to the Page and Wootters formalism.
Page’s response to this was that it is not possible to use conditional probabili-
ties to answer these sort of questions, i.e. questions dealing with two different
clock times, however Gambini, Porto and Poullin [45] have shown that in fact
it is possible to extend their formulation to include multiple-event conditional
probabilities. Also Dolby has shown that his formalism can be used to gener-
alize conditional probabilities to multiple-event conditional probabilities [46]. It
would be of interest to rephrase the formalisms developed by these two groups
for conditional probabilities including more than one clock time as a quantum
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communication protocol which will provide us with a deeper understanding of
the conditional probability interpretation of time.
Finally as noted in Chapter 2, the constraint of a conservation law is a strictly
stronger one than the asymmetry constraint of its associated group. For example,
energy conserving operations can only transform states within each individual
energy sector, while its associated U(1) resource theory (defined by time evolution
U(t) = exp(−itH)) would include U(1)-covariant transformations that increase
or decrease the total energy. Indeed reversible energy conserving transformations
correspond to U(1)-invariant unitaries V for which [U(t), V ] = 0 for all t. Another
problem of interest to us is consider what can be achieved by Bob in the quantum
communication scenario when he is limited to perform only energy conserving
unitaries. This question can be tackled by using techniques that we developed in
chapter (4). From the resource theory of asymmetry point of view we can rephrase
the question by asking if it is possible to keep track of time in a unitary manner
using a quantum clock which consists of a resource carrying component C, and
a readout component K, that initially carries some sharp amount of conserved
energy?
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Conclusions
The resource theory of asymmetry studies how asymmetric states(resource states)
can be useful in performing certain tasks such as quantum communication with-
out a shared reference frame. We began by reviewing the fundamental concepts
of this resource theory. In the remainder of the thesis we studied three different
areas of quantum theory, namely the theory of quantum reference frames, the
WAY theorem and the conditional probability interpretation of time in quantum
mechanics from the resource theory of asymmetry perspective.
The theory of quantum reference frame treats the reference frames quantum
mechanically like any other physical systems. As a result on one had the mea-
surements against quantum reference frames are just an approximation of the
measurements against their classical counterparts. On the other hand the inter-
action between a system and a quantum reference frame induces a back-action
on the reference which affects the quality of future measurements . The optimal
reference frame state that reduces this decoherence effect due to the quantum
treatment of the reference frame corresponds to the most asymmetric state in
the resource theory of asymmetry. As expected in the classical limit the refer-
ence frame does not degrade. Surprisingly by paying attention to the induced
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dynamics subsequent to a particular measurement outcome we found that the
degradation of a directional reference frame may persist even in the classical
limit. We showed that while the rotational drift of the quantum reference frame
is correctable via unitary interactions, the degradation of the polarization is more
problematic. However, we know that this degradation arises due to the formation
of correlations between the quantum reference frame and the source particles, and
future work might include partially correcting this degradation via interactions
that are sensitive to these correlation patterns.
The WAY theorem forbids the occurrence of some physical processes in the
presence of an additive conservation law. We reformulated this fundamental topic
in terms of recent concepts coming from quantum information theory, specifically
the extensive literature on the theory of quantum state discrimination. In doing
so, we formulated a unified way of handling various scenarios that provided us
with a rigorous account of how optimal limits may be obtained under different
criteria. Using the theory of resource asymmetry we showed that any measuring
apparatus A naturally subdivides into a resource carrying component R, and
a readout component K, that initially carries some sharp amount of conserved
charge. We explained that the two prominent conditions of repeatability and the
Yanase condition take on a fresh perspective. The Yanase condition is nothing
more than demanding that any potential read-out measurement must also be a
covariant measurement and lack of repeatability corresponds to a consumption
of asymmetry in the state of the system. One possible future line of research is
to study the connection between quantum metrology and the resource theory of
asymmetry. One example is Mach-Zehnder interferometry where the observable
Jy =
i~
2
(a†1a2−a1a†2) is conserved. A typical measurement to measure the relative
phase shift between the two arms of the interferometer is to measure the intensity
difference of the output modes, i.e. to measure the observable Jz =
~
2
(a†1a1−a†2a2).
Now since [Jy, Jz] 6= 0, according to WAY-theorem the relative phase cannot be
measured exactly. Future work might include using the machinery developed in
the resource theory of asymmetry to increase the accuracy of the relative phase
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measurement.
One might take foundational issue with the very existence of any asymmetry
resources in Nature, arguing that the full state of the universe must be symmetric
under a particular symmetry group, and so worry that this forbids the types of
measurement procedures discussed in this thesis. This turns out not to be an
issue since it is perfectly consistent that the global state is symmetric, yet con-
tains relational asymmetry, where the reduced state on subsystems transforms
non-trivially under the group action. One could also simply pronounce that some
superpositions such as charge eigenstates are fundamentally excluded by super-
selection rules, however, from the quantum reference frame perspective there is
no essential difference between such an axiomatic prohibition of charge superpo-
sition and the statement that coherent superpositions for atom numbers are hard
to prepare. All superpositions are prepared and defined relative to a particular
reference frame and any superselection rule can be taken as the empirical state-
ment that we lack an appropriate reference frame state.
The conditional probability interpretation of time in quantum mechanics nicely
captures the idea that passage of time should be explained by considering the cor-
relations between components of a system rather than with respect to an external
parameter. We reviewed two different schemes that have been developed in this
formalism and then pointed out the connection between this interpretation of
time and a specific quantum communication protocol using bounded-size quan-
tum reference frames. In doing so, we illustrated how the conditional probability
interpretation of time fits within the resource theory of asymmetry. Future work
might include extending this quantum communication scenario to illustrate the
multiple-time events in the conditional probability interpretation of time.
145

Bibliography
[1] M. Ahmadi, D. Jennings, and T. Rudolph. Dynamics of a quantum ref-
erence frame undergoing selective measurements and coherent interactions.
Physical Review A, 82(3):032320, 2010.
[2] M. Ahmadi, D. Jennings, and T. Rudolph. The way theorem and the
quantum resource theory of asymmetry. arXiv preprint arXiv:1209.0921,
2012.
[3] F. Scheck. Mechanics: from Newton’s laws to deterministic chaos. Springer,
2010.
[4] H. Goldstein, C.P. Poole, and J. Safko. Classical mechanics. 1980.
[5] P. Curie. On symmetry in physical phenomena, symmetry of an electric
field and of a magnetic field. Journal de Physique, 3:401, 1894.
[6] Simon J. D. Phoenix and P. L. Knight. Establishment of an entangled
atom-field state in the Jaynes-Cummings model. Phys. Rev. A, 44:6023–
6029, Nov 1991.
147
[7] Julio Gea-Banacloche. Atom- and field-state evolution in the Jaynes-
Cummings model for large initial fields. Phys. Rev. A, 44:5913–5931, Nov
1991.
[8] Ricardo Kennedy, Leonhard Horstmeyer, Andrzej Dragan, and Terry
Rudolph. Qubit initialization and readout with finite coherent amplitudes
in cavity QED. Phys. Rev. A, 82:054302, Nov 2010.
[9] S.D. Bartlett, T. Rudolph, and R.W. Spekkens. Reference frames, su-
perselection rules, and quantum information. Reviews of Modern Physics,
79(2):555, 2007.
[10] F. Costa, N. Harrigan, T. Rudolph, and Cˇ. Brukner. Entanglement detec-
tion with bounded reference frames. New Journal of Physics, 11:123007,
2009.
[11] S.D. Bartlett, T. Rudolph, R.W. Spekkens, and P.S. Turner. Quantum com-
munication using a bounded-size quantum reference frame. New Journal of
Physics, 11:063013, 2009.
[12] D. Poulin. Toy model for a relational formulation of quantum theory. In-
ternational Journal of Theoretical Physics, 45(7):1189–1215, 2006.
[13] D. Poulin and J. Yard. Dynamics of a quantum reference frame. New
Journal of Physics, 9:156, 2007.
[14] G.A. White, J.A. Vaccaro, and H.M. Wiseman. The consumption of refer-
ence resources. arXiv preprint arXiv:0811.3660, 2008.
[15] R. Gambini, R.A. Porto, and J. Pullin. A relational solution to the prob-
lem of time in quantum mechanics and quantum gravity: a fundamental
mechanism for quantum decoherence. New Journal of Physics, 6:45, 2004.
[16] F. Girelli and D. Poulin. Quantum reference frames and deformed symme-
tries. Physical Review D, 77(10):104012, 2008.
148
[17] R. Gambini, R.A. Porto, and J. Pullin. Realistic clocks, universal deco-
herence, and the black hole information paradox. Physical review letters,
93(24):240401, 2004.
[18] D.N. Page and W.K. Wootters. Evolution without evolution: Dynamics
described by stationary observables. Physical Review D, 27(12):2885, 1983.
[19] S.D. Bartlett, T. Rudolph, R.W. Spekkens, and P.S. Turner. Degradation
of a quantum reference frame. New Journal of Physics, 8:58, 2006.
[20] S.D. Bartlett, T. Rudolph, and R.W. Spekkens. Optimal measurements for
relative quantum information. Physical Review A, 70(3):032321, 2004.
[21] C. Bennett and G. Brassard. An update on quantum cryptography. In
Advances in cryptology, pages 475–480. Springer, 1985.
[22] J.C. Boileau, L. Sheridan, M. Laforest, and SD Bartlett. Quantum reference
frames and the classification of rotationally-invariant maps. arXiv preprint
arXiv:0709.0142, 2007.
[23] C.H. Bennett. Quantum cryptography using any two nonorthogonal states.
Physical Review Letters, 68(21):3121–3124, 1992.
[24] E.T. Jaynes and F.W. Cummings. Comparison of quantum and semiclas-
sical radiation theories with application to the beam maser. Proceedings of
the IEEE, 51(1):89–109, 1963.
[25] Gerhard Rempe, Herbert Walther, and Norbert Klein. Observation of quan-
tum collapse and revival in a one-atom maser. Phys. Rev. Lett., 58:353–356,
Jan 1987.
[26] D.R. Bates. Advances in atomic and molecular physics, volume 20. Aca-
demic Pr, 1985.
[27] Julio Gea-Banacloche. Collapse and revival of the state vector in the Jaynes-
Cummings model: An example of state preparation by a quantum appara-
tus. Phys. Rev. Lett., 65:3385–3388, Dec 1990.
149
[28] Simon J. D. Phoenix and P. L. Knight. Comment on “collapse and revival
of the state vector in the Jaynes-Cummings model: An example of state
preparation by a quantum apparatus”. Phys. Rev. Lett., 66:2833–2833, May
1991.
[29] CEA Jarvis, DA Rodrigues, BL Gyo¨rffy, TP Spiller, AJ Short, and JF An-
nett. Collapse and revival of entanglement between qubits interacting via
a quantum bus. arXiv preprint arXiv:0809.2025, 2008.
[30] AM Steane. How to build a 300 bit, 1 giga-operation quantum computer.
Quantum Inf. Comput., 7(3):171–183, 2007.
[31] I.D. Ivanovic. How to differentiate between non-orthogonal states. Physics
Letters A, 123(6):257–259, 1987.
[32] A. Peres. How to differentiate between non-orthogonal states. Physics
Letters A, 128(1-2):19–19, 1988.
[33] G. Jaeger and A. Shimony. Optimal distinction between two non-orthogonal
quantum states. Physics Letters A, 197(2):83–87, 1995.
[34] A. Peres and D.R. Terno. Optimal distinction between non-orthogonal
quantum states. Journal of Physics A: Mathematical and General,
31(34):7105, 1999.
[35] Y. Sun, M. Hillery, and J.A. Bergou. Optimum unambiguous discrimination
between linearly independent nonorthogonal quantum states and its optical
realization. Physical Review A, 64(2):022311, 2001.
[36] A. Chefles and S.M. Barnett. Optimum unambiguous discrimination
between linearly independent symmetric states. Physics Letters A,
250(4):223–229, 1998.
[37] Y.C. Eldar. A semidefinite programming approach to optimal unambiguous
discrimination of quantum states. Information Theory, IEEE Transactions
on, 49(2):446–456, 2003.
150
[38] M. Ozawa. Universally valid reformulation of the Heisenberg uncertainty
principle on noise and disturbance in measurement. Physical Review A,
67(4):042105, 2003.
[39] M. Ozawa. Conservation laws, uncertainty relations, and quantum limits
of measurements. Physical Review Letters, 88(5):050402, 2002.
[40] S.M. Barnett and S. Croke. Quantum state discrimination. Adv. Opt.
Photon., 1(2):238–278, 2009.
[41] C.J. Isham. Canonical quantum gravity and the problem of time. arXiv
preprint gr-qc/9210011, 1992.
[42] KV Kuchar. Time and interpretations of quantum gravity, in the proceed-
ings of the fourth canadian conference on general relativity and relativistic
astrophysics, edited by g. kunstatter, d. vincent, and j. williams, 1992.
[43] D.N. Page. Clock time and entropy. In Physical Origins of Time Asymme-
try, volume 1, pages 287–298, 1994.
[44] J.J. Halliwell, J. Pe´rez-Mercader, and W.H. Zurek. Physical origins of time
asymmetry. Cambridge University Press, 1996.
[45] R. Gambini, R.A. Porto, J. Pullin, and S. Torterolo. Conditional probabil-
ities with Dirac observables and the problem of time in quantum gravity.
Physical Review D, 79(4):041501, 2009.
[46] C.E. Dolby. The conditional probability interpretation of the hamiltonian
constraint. Arxiv preprint gr-qc/0406034, 2004.
[47] M.A. Nielsen and I.L. Chuang. Quantum computation and quantum infor-
mation. Cambridge university press, 2010.
[48] A. Jamio lkowski. Linear transformations which preserve trace and positive
semidefiniteness of operators. Reports on Mathematical Physics, 3(4):275–
278, 1972.
151
[49] D. Bruß and G. Leuchs. Lectures on quantum information. Wiley, 2007.
[50] MS Leifer. Quantum dynamics as an analog of conditional probability.
Physical Review A, 74(4):042310, 2006.
[51] M. Keyl and R.F. Werner. Optimal cloning of pure states, testing single
clones. Journal of Mathematical Physics, 40:3283, 1999.
[52] John Von Neumann. Mathematical foundations of quantum mechanics, vol-
ume 2. Princeton Univ Pr, 1996.
[53] P. Busch, M. Grabowski, and P.J. Lahti. Operational quantum physics,
volume 31. springer Verlag, 1995.
[54] M. Ozawa. Quantum measuring processes of continuous observables. Jour-
nal of mathematical physics, 25:79, 1984.
[55] M. Horodecki and J. Oppenheim. (quantumness in the context of) resource
theories. arXiv preprint arXiv:1209.2162, 2012.
[56] Charles H. Bennett, Gilles Brassard, Claude Cre´peau, Richard Jozsa, Asher
Peres, and William K. Wootters. Teleporting an unknown quantum state
via dual classical and einstein-podolsky-rosen channels. Phys. Rev. Lett.,
70:1895–1899, Mar 1993.
[57] D. Bouwmeester, J.W. Pan, K. Mattle, M. Eibl, H. Weinfurter, and
A. Zeilinger. Experimental quantum teleportation. Nature, 390(6660):575–
579, 1997.
[58] Jinhyoung Lee and M. S. Kim. Entanglement teleportation via Werner
states. Phys. Rev. Lett., 84:4236–4239, May 2000.
[59] Paolo Zanardi, Daniel A. Lidar, and Seth Lloyd. Quantum tensor product
structures are observable induced. Phys. Rev. Lett., 92:060402, Feb 2004.
[60] M.A. Nielsen. Conditions for a class of entanglement transformations. Phys-
ical Review Letters, 83(2):436–439, 1999.
152
[61] G. Vidal. Entanglement of pure states for a single copy. Physical Review
Letters, 83(5):1046–1049, 1999.
[62] D. Jonathan and M.B. Plenio. Minimal conditions for local pure-state en-
tanglement manipulation. Physical Review Letters, 83(7):1455–1458, 1999.
[63] H.K. Lo and S. Popescu. Concentrating entanglement by local actions:
Beyond mean values. Physical Review A, 63(2):022301, 2001.
[64] I. Marvian and R.W. Spekkens. Pure state asymmetry. Arxiv preprint
arXiv:1105.1816, 2011.
[65] D. Jennings. Optimal primitive reference frames. Physical Review A,
84(1):012306, 2011.
[66] Mark de Burgh and Stephen D. Bartlett. Quantum methods for clock syn-
chronization: Beating the standard quantum limit without entanglement.
Phys. Rev. A, 72:042301, Oct 2005.
[67] R. Bhatia. Matrix analysis, volume 169. Springer Verlag, 1997.
[68] G. Gour and R.W. Spekkens. The resource theory of quantum refer-
ence frames: manipulations and monotones. New Journal of Physics,
10(3):033023, 2008.
[69] Gilad Gour, Iman Marvian, and Robert W. Spekkens. Measuring the qual-
ity of a quantum reference frame: The relative entropy of frameness. Phys.
Rev. A, 80:012307, Jul 2009.
[70] I. Marvian and R.W. Spekkens. The theory of manipulations of pure state
asymmetry I: basic tools and equivalence classes of states under symmetric
operations. Arxiv preprint arXiv:1104.0018, 2011.
[71] Stephen D. Bartlett, Terry Rudolph, and Robert W. Spekkens. Classical
and quantum communication without a shared reference frame. Phys. Rev.
Lett., 91:027901, Jul 2003.
153
[72] Mark S. Byrd. Implications of qudit superselection rules for the theory of
decoherence-free subsystems. Phys. Rev. A, 73:032330, Mar 2006.
[73] Paolo Zanardi. Virtual quantum subsystems. Phys. Rev. Lett., 87:077901,
Jul 2001.
[74] L.E. Ballentine. Quantum Mechanics: a modern development. World Sci-
entific Publishing Company Incorporated, 1998.
[75] R. Jozsa and J. Schlienz. Distinguishability of states and Von Neumann
entropy. Physical Review A, 62(1):012301, 2000.
[76] M.R. Dowling, S.D. Bartlett, T. Rudolph, and R.W. Spekkens. Observing
a coherent superposition of an atom and a molecule. Physical Review A,
74(5):052113, 2006.
[77] G.C. Wick, A.S. Wightman, and E.P. Wigner. The intrinsic parity of ele-
mentary particles. Physical Review, 88(1):101, 1952.
[78] Y. Aharonov and L. Susskind. Charge superselection rule. Physical Review,
155:1428–1431, 1967.
[79] C. Rovelli. Quantum gravity. Cambridge University Press, 2004.
[80] C. Rovelli. Relational quantum mechanics. International Journal of Theo-
retical Physics, 35(8):1637–1678, 1996.
[81] S.M. Barnett and P.M. Radmore. Methods in theoretical quantum optics,
volume 15. Oxford University Press, USA, 2003.
[82] N. Gisin and S. Popescu. Spin flips and quantum information for antiparallel
spins. Physical Review Letters, 83(2):432–435, 1999.
[83] S. Massar and S. Popescu. Optimal extraction of information from finite
quantum ensembles. Phys. Rev. Lett., 74:1259–1263, Feb 1995.
154
[84] Asher Peres and William K. Wootters. Optimal detection of quantum in-
formation. Phys. Rev. Lett., 66:1119–1122, Mar 1991.
[85] M.E. Rose. Elementary theory of angular momentum. Dover Publications,
1995.
[86] A.R. Edmonds. Angular momentum in quantum mechanics, volume 4.
Princeton University Press, 1996.
[87] V. Devanathan. Angular momentum techniques in quantum mechanics,
volume 108. Springer, 1999.
[88] SJ Van Enk and HJ Kimble. On the classical character of control fields in
quantum information processing. Quantum Information & Computation,
2(1):1–13, 2002.
[89] Olivier Landon-Cardinal and Richard MacKenzie. Decoherence of a quan-
tum gyroscope. Phys. Rev. A, 85:022333, Feb 2012.
[90] David Jennings and Terry Rudolph. Entanglement and the thermodynamic
arrow of time. Phys. Rev. E, 81:061130, Jun 2010.
[91] E.P. Wigner. Die messung quantenmechanischer operatoren. Zeitschrift fu¨r
Physik A Hadrons and Nuclei, 133(1):101–108, 1952.
[92] H. Araki and M.M. Yanase. Measurement of quantum mechanical operators.
Physical Review, 120(2):622–626, 1960.
[93] G.C. Wick, A.S. Wightman, and E.P. Wigner. Superselection rule for
charge. Physical Review D, 1(12):3267, 1970.
[94] M.M. Yanase. Optimal measuring apparatus. Physical Review, 123(2):666,
1961.
[95] G.C. Ghirardi, F. Miglietta, A. Rimini, and T. Weber. Limitations on quan-
tum measurements. I. determination of the minimal amount of nonideality
155
and identification of the optimal measuring apparatuses. Physical Review
D, 24(2):347, 1981.
[96] T. Ohira and P. Pearle. Perfect disturbing measurements. American Journal
of Physics, 56:692, 1988.
[97] M. Ozawa. Uncertainty principle for quantum instruments and computing.
International Journal of Quantum Information, 1(04):569–588, 2003.
[98] M. Ozawa. Conservative quantum computing. Physical Review Letters,
89(5):57902, 2002.
[99] P. Busch and L. Loveridge. Position measurements obeying momentum
conservation. Physical Review Letters, 106(11):110406, 2011.
[100] L. Loveridge and P. Busch. ’measurement of quantum mechanical opera-
tors’ revisited. European Physical Journal D-Atomic MolecularOptical and
Plasma Physics, 62(2):297, 2011.
[101] P. Raynal. Unambiguous state discrimination of two density matrices in
quantum information theory. Arxiv preprint quant-ph/0611133, 2006.
[102] T. Rudolph, R.W. Spekkens, and P.S. Turner. Unambiguous discrimination
of mixed states. Arxiv preprint quant-ph/0303071, 2003.
[103] E. Knill, R. Laflamme, and L. Viola. Theory of quantum error correction
for general noise. Physical Review Letters, 84(11):2525–2528, 2000.
[104] W. Pauli, P. Achuthan, and K. Venkatesan. General principles of quantum
mechanics. Springer-Verlag Berlin, New York, 1980.
[105] A. Peres et al. Critique of the Wheeler-Dewitt equation.
[106] B.S. DeWitt. Quantum theory of gravity. I. the canonical theory. Physical
Review, 160(5):1113, 1967.
156
[107] R. Gambini and J. Pullin. Relational physics with real rods and clocks and
the measurement problem of quantum mechanics. Foundations of Physics,
37(7):1074–1092, 2007.
[108] R. Gambini, A.P. Rafael, and J. Pullin. Fundamental spatio-temporal de-
coherence: a key to solving the conceptual problems of black holes, cosmol-
ogy and quantum mechanics. International Journal of Modern Physics D,
15(12):2181–2185, 2006.
[109] D. Poulin. Relational time for systems of oscillators. Int J Quant Info,
4:1–11, 2008.
[110] A.S. Holevo. Probabilistic and statistical aspects of quantum theory, vol-
ume 1. Springer, 2011.
[111] C. Anastopoulos and BL Hu. Decoherence in quantum gravity: issues and
critiques. In Journal of Physics: Conference Series, volume 67, page 012012.
IOP Publishing, 2007.
[112] D.A. Lidar, I.L. Chuang, and K.B. Whaley. Decoherence-free subspaces for
quantum computation. Physical Review Letters, 81(12):2594–2597, 1998.
[113] Daniel A. Lidar, Dave Bacon, Julia Kempe, and K. B. Whaley.
Decoherence-free subspaces for multiple-qubit errors. I. characterization.
Phys. Rev. A, 63:022306, Jan 2001.
[114] D. A. Lidar, D. Bacon, and K. B. Whaley. Concatenating decoherence-free
subspaces with quantum error correcting codes. Phys. Rev. Lett., 82:4556–
4559, May 1999.
[115] D. Bacon, D. A. Lidar, and K. B. Whaley. Robustness of decoherence-free
subspaces for quantum computation. Phys. Rev. A, 60:1944–1955, Sep 1999.
[116] D. Bacon, K.R. Brown, and K.B. Whaley. Coherence-preserving quantum
bits. Physical Review Letters, 87(24):247902, 2001.
157
[117] Giulio Chiribella, Giacomo Mauro D’Ariano, Paolo Perinotti, and Massi-
miliano F. Sacchi. Covariant quantum measurements that maximize the
likelihood. Phys. Rev. A, 70:062105, Dec 2004.
[118] H. Barnum and E. Knill. Reversing quantum dynamics with near-optimal
quantum and classical fidelity. Journal of Mathematical Physics, 43:2097,
2002.
158
List of Figures
3.1 The background reference frame and QRF are initially correlated.
We infer the orientation of the system with respect to the BRF by
measuring the relative angle between the spin-1/2 particle and the
QRF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2 Each spin-1/2 particle is measured against the quantum reference
frame and the measurement result is discarded. The next spin-1/2
particle is then measured against the degraded reference frame. . 60
3.3 (color online) A comparison between a numerical simulation of
the rotation produced by the map E± on a family of mixed states
of the form (3.47) with the expression Ω± obtained in equation
(3.45). The state that we have considered in this figure is ρ =
pe−iβLy |l, 90〉〈l, 90|eiβLy+(1−p)e−iβLy |l, 60〉〈l, 60|eiβLy with p = 0.2
and l = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.4 〈Lx〉/l, 〈Ly〉/l and 〈Lz〉/l. The rotation induced on the reference
frame due to the unitary interaction with the source particle for
l = 16. The source particles are polarized along the z-axis with
z=1 and the QRF initially points along the x-axis, θ = pi/2. In
this figure N=500 source particles has been used. . . . . . . . . . 67
159
3.5 Psucc as a function of the number of interactions for the case in
which source particles are polarized along the z-axis (z = 1) and
the QRF is initially in the coherent state l = 16 pointing along the
x-axis, i.e. θ = pi/2. . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.6 〈Lz〉/l vs. 〈Lx〉/l for l = 16. The source particles are polarized
along the z-axis and the QRF is initially in the coherent state
pointing along the x-axis. The blue dotted line corresponds to the
case of sequential measurements and the red dotted line is for the
case of unitary interaction ei2piL·S after two measurements. . . . . 70
3.7 A comparison of probability of success for obtaining correct mea-
surement result in three different cases for l = 16. The dashed line
corresponds to the case of sequential measurements, the dashed-
dotted line is for the case in which we correct the measurement
result via applying unitary interactions after two measurements
and the solid line belongs to the case of correction via applying
unitary interactions after each plus outcome. . . . . . . . . . . . . 72
4.1 Quantum circuit for a von Neumann-Lu¨ders measurement of the
observable LS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.2 Probability of success as a function of 〈N〉 with Ozawa’s upper
bound given as a dashed line. . . . . . . . . . . . . . . . . . . . . 99
4.3 Probability of MLE success as a function of 〈N〉 for three different
states: Coherent state, uniform superposition of number states and
the optimal phase QRF. . . . . . . . . . . . . . . . . . . . . . . . 100
5.1 Pr(Jsx = j when Jcx = j) as a function of j. . . . . . . . . . . . . 111
5.2 Conditional probability of a spin half particle having its maximum
value of spin along the x-direction when the quantum clock , i.e.
a spin-j particle, has its maximum value of spin along the same
direction, given that they are precessing around z-axis with the
same frequency and they both point along x-direction initially. . . 113
160
5.3 The change in the expectation value of Z-component of the spin
of the spin-1/2 particle in terms of quantum clock reading for dif-
ferent cock sizes, i.e. j = 3, 10, is compared to the change due to
Schro¨dinger evolution. . . . . . . . . . . . . . . . . . . . . . . . . 114
5.4 E(θs when θc) vs. θc for g = 900 and N = 3. . . . . . . . . . . . . 119
5.5 Comparing the one-time CP with different values of M against the
transition probability for two coherent states. . . . . . . . . . . . 120
5.6 Comparing the one-time CP with different values of M against the
transition probability for two coherent states. . . . . . . . . . . . 124
5.7 Comparing the one-time CP with different values of rc against the
transition probability for two coherent states. . . . . . . . . . . . 125
5.8 Comparing Pr(θs when θc) against transition probability Pr(θs)
for different sizes of quantum sample of Alice’s local clock, i.e.
N = 2, 5, 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
